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Chapter 1
Introduction
This memoir is devoted to a part of the results from the author about two topics: in the first part,
the asymptotics of the low-lying eigenvalues of Schro¨dinger operators in domains that may have
corners, and in the second part, the analysis of the thresholds of a class of fibered operators. The
main common object is the magnetic Laplacian, and the two parts are connected through the
study of model problems in unbounded domains. In this short introduction, we present briefly
our concerns, without entering the quantitative details.
1.1 Low-lying eigenvalues in corner domains
In this section we present our problematics around the asymptotics of the low-lying eigenvalues
of Schro¨dinger operators in corner domains. More precise definitions and references will be
found in Chapters 2-4.
In Part I, we will mainly consider two operators, acting on functions of a domains Ω Ă Rn
having a boundary: the Laplacian with a Robin type boundary condition h1{2Bνu “ u, where
h ą 0 and Bν denotes the outward normal derivative; and the magnetic Laplacian p´ih∇ ´
Aq2, completed with natural Neumann boundary conditions, where A is a magnetic potential
associated with a given magnetic field B. Our analysis extends to other operators, such that
the Robin Laplacian with a variable coefficient, or the Schro¨dinger operator with a δ-interaction
supported by a hypersurface with corners. In this introduction, we use the generic notation Lh
for one of these operators. In our framework, when considered on a certains class of bounded
domains, called corner domains, these operators are self-adjoint with compact resolvent. We
denote by pλjphqqjě1 their (increasing sequence of) eigenvalues, and our concern is to determine
the asymptotics of these eigenvalues in the semi-classical limit h Ñ 0, a problematic motivated
by physical models such as those involved in the theory of surface superconductivity ([55]). We
will mainly focus on j “ 1, although some of the results will also hold for higher eigenvalues.
For a semi-classical Schro¨dinger operator ´h2∆`V , with a bounded from below and confining
5
6 CHAPTER 1. INTRODUCTION
potential V , the semi-classical limit of the low-lying eigenvalues is determined at the first order
by the the infimum of the potential, and the associated eigenfunctions are localized near the
minimum ([73, 42]). In our case, the semi-classical limit of the eigenvalues will be driven by
the geometry (of the domain, and of the magnetic field for the magnetic Laplacian). But it is not
clear how to define a quantity which will play the same role as the minimum of V in the standard
case does.
The operators considered have an homogeneity property with respect to dilations. Indeed, if
the operator Lh is considered on a cone, with its coefficients frozen in a suitable way, then it
is unitarily equivalent to hL1. This property leads to a natural idea: for domains with corners
(see Section 2.1 for a rigorous definition), one will have to look at the operator on the tangent
geometries. Assume that Ω is domain with corners, given a point x P Ω, firstly, we need to define
a tangent operator, with coefficients frozen in a suitable way, with h “ 1, on the tangent cone
at x. Denote by Epxq the bottom of the spectrum of this operator. Then, the general expected
result, which has appeared to be true for all the particular cases treated in the literature, is that
λ1phq „
hÑ0 hE , (1.1)
with
E “ E pΩq “ inf
xPΩ
Epxq. (1.2)
We will give more references later, we refer to those in the book [55] and [13] for the magnetic
Laplacian, and to [92] for the Robin Laplacian. The first order term in the asymptotics is therefore
linear with respect to h. This comes from the homogeneity property described above. The
minimization can be understood by keeping in mind that the eigenfunctions associated with λ1phq
will tend to concentrate near some point Ω, in particular near points where Ep¨q is minimum. We
have called the function E the local energy.
To prove such an asymptotics for general domains rises several problem:
• In the case treated, the local energy is often discontinuous when changing of strata inside
of a corner domain. Therefore, it is important to show that the minimum of the local energy
is reached, and is non-degenerate, in the sense that E R t0,´8u. Moreover, is it possible
to determine the geometry minimizing E?
• Is it possible to show (1.1), together with an estimate for λ1phq ´ hE , without additional
hypotheses?
• Is it possible to have a more precise asymptotics of λ1phq ´ hE , together with an asymp-
totics of the higher eigenvalues, under additional hypotheses on the geometry?
The answer to the first question, mainly developed in [13], is to use the singular chains of a
corner domain, recursively defined, from [37]. The set of singular chains of Ω extends the points
of Ω, in the sense that it takes into account the local geometry of Ω. The idea behind this
procedure is to desingularize the domain, it originates from [89], and is not far from the concept
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of iterated blow-up ([90, 63]). We will consider the local energy on singular chains, and show
that it is lower semi-continuous, and therefore reaches its infimum. Moreover, we will show a
monotonicity property which, roughly, expresses as “if two geometries can be compared, then
the more singular one will have the lowest local energy”. The model example is the one of the
magnetic Laplacian in a wedge and of its two faces, studied in [115].
We have succeeded in the second question, by giving separately a lower bound and an upper
bound for λ1phq ´ hE . The lower bound relies on a classical idea: a suitable partition of the
unity, together with the well known IMS formula, should allow to compare the operator to local
models. However this procedure cannot be done directly, due to the possible blow-up of one
of the principal curvatures in corner domains, indeed large principal curvatures will result in
a bad estimate when approximating the operator by a frozen operator on its tangent geometry.
This problem is solved by a multiscale analysis, adapted to the recursive definition of a corner
domain. The upper bound relies on the construction of a test-function, whose energy is close to
hE . This test-function will come from a tangent geometry in which the model operator has an
eigenfunction. The existence of such a tangent geometry is not an easy question, and is linked to
the first question. In particular, the local energy on the tangent substructures of a cone (such as
the faces for a wedge) will play the role of a threshold in the spectrum of the tangent operator.
Notice that the construction of the test functions involves also a multiscale procedure in order to
counterbalance the possible blow up of the principal curvatures.
The third question will need more hypotheses on the structure of the local energy near its mini-
mum. If one thinks of the local energy as an effective potential, this is coherent with the harmonic
approximation, in which the non-degeneracy of the minimum of the potential provides an asymp-
totic expansion in powers of the semiclassical parameter ([42]). But in our case, it is not obvious
what are the natural hypotheses on the geometry, since the local energy does not have an explicit
expression. More or less, one may think of three kinds of natural generic setting:
• Corner concentration. This is the case when the local energy has a discontinuous jump at
its minimum. The model case is the one of a polygonal domain, in which the local energy
is minimum at a corner, and has a gap with its values on the sides. In some sense, the
local problem at this corner will dominate all the others, concerning the asymptotics of the
first eigenvalue. This case has been treated under some assumptions in [10, 11] for the
magnetic Laplacian and [72, 86] for the Robin Laplacian.
• Wells of the local energy. This is the case when the local energy reaches its infimum
continuously inside a stratum. The model case is the one of a varying magnetic field, whose
intensity is minimum at some given point in the interior of a stratum, for example at some
given point of the boundary of a regular domain. We cite mainly [95, 69, 55, 125, 124].
A domain with an edge whose opening has a non-degenerate extrema may enter also this
framework ([113, 116]). Most of the time, a generic assumptions on the geometry has to
be added, leading to the non-degeneracy of the local energy.
• Submanifold wells. This is the case when the local energy is minimal on a submanifold.
Typical cases are the Robin Laplacian in a bounded regular domain (the local energy is
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constant on the whole boundary) ([107, 50, 110, 65]), and the magnetic Laplacian in a
regular domain with a constant magnetic field ([69, 71, 54]).
The first two cases are essentially local, in the sense that the behavior of the local energy at one
point will determine the next terms in the asymptotics, at least for those which are powers of h.
Note however that for a straight polyhedron, the remainder may be exponentiall small, and the
behavior of λ1phq ´ hE depend on the global geometry, and is given by tunneling effect in the
case of symmetry.
The last case poses the question of the existence of an effective Hamiltonian, defined on the
submanifold wells, leading the asymptotics of the low-lying eigenvalues. This problem is solved
for the Robin Laplacian in [111], where we have introduced a semi-classical Laplace operator
on the boundary, involving the mean curvature. Still, the existence of such an effective operator
is still a challenging question for the Neumann magnetic Laplacian, even in dimension two, and
would be an important step toward the understanding of the tunneling effect for the magnetic
Laplacian in symmetrical regular domains ([17]).
In Chapter 2, we define the corner domains of a Riemannian manifold from [37], together with
their singular chains. We present the analysis from [13]. We also present a formal IMS formula,
providing a mechanism for a lower bound of the first eigenvalue of our operators in such domains,
including error terms which will be detailed later, depending on the context. In Chapter 3, we
introduce the Robin Laplacian in such a domain. We present the analysis of the operator on the
tangent cones, and the recursive procedure leading to a two-side estimate for the first eigenvalue
in [28]. For regular domains, a more precised asymptotics was obtained in [110, 111], showing
the existence of an effective Hamiltonian, defined on the boundary. We apply our asymptotics
to a reverse Faber-Krahn inequality. We also present the analysis for a Robin Laplacian with a
vanishing coefficient, a case where the operator is non-self adjoint ([105]).
In Chapter 4, we introduce the Laplacian with magnetic field and Neumann boundary condition.
This operator is, in some sense, more intricate to analyse, because the magnetic field combines
with the geometry in the determination of the minimum of the local energy. We present the
results analogous to those of chapter 3 for corner domains, coming from [115, 13], and enlighten
the differences in the treatment of the problems. Mainly, a recursive analysis does not seem
available and we proceed to an exhaustion of model problems to reach the asymptotics of the
first eigenvalue in dimension 3. We also give improvements of the asymptotics under stronger
hypotheses, from [116].
Notice that the results from Chapter 4 are anterior to those of Section 3.2.
1.2. THE THRESHOLDSOF TRANSLATIONALLY INVARIANTMAGNETIC LAPLACIANS9
1.2 The thresholds of translationally invariant magnetic Lapla-
cians
In a second part, we consider Schro¨dinger operators with translationally invariant magnetic fields.
Our study of these Hamiltonians is mainly motivated by two different contexts: firstly, they ap-
pear as local model problems in the study of the semi-classical magnetic Laplacian, in particular
the analysis of the Laplacian with a constant magnetic field in a half-plane is a necessary step
in the semi-classical asymptotics of the Laplacian in a regular domain. Secondly, the associated
quantum systems present interesting transport properties in the direction of invariance, and these
models are used in the understanding of the Quantum Hall Effect.
Our operators are of the form
H0 “ p´i∇´ Aq2, (1.3)
acting on L2pΩq, where Ω :“ ω ˆ R, and ω Ă Rn´1 (with n “ 2 or n “ 3), moreover, the
magnetic feld B “ curlA does not depend on the last variable. Our three main models are
Schro¨dinger operators in a half-plane with a constant magnetic field ([40, 69, 25]), in R2 with
a magnetic field varying in only one direction (sometimes called the Iwatsuka model, [82, 99,
79]), and in R3 with a cylindrical-invariant magnetic field ([120, 138]), but our approach can be
extended to a wide class of other Hamiltonians.
If we denote by F the partial Fourier transform along the direction of invariance, our operator
enters the framework of operators which can be fibered over a real analytic manifold M :
FH0F˚ “
ż À
kPM
hpkqdk, (1.4)
with M “ R in our case, and where phpkqqkPM is a family of positive self-adjoint operators
operators (they are of Sturm-Liouville type when ω Ă R). Most of the time, hpkq has com-
pact resolvent and we denote by λjpkq its eigenvalues. Their are called the band functions, or
dispersion curves of the system. The spectrum of H0 is
σpH0q “
ď
jě1
λjpRq, (1.5)
it is absolutely continuous, provided that the band functions are not constant. Moreover, some
energies in the spectrum enjoy remarkable properties, they are thresholds in the spectrum. A
general theory for thresholds of analytically fibered operators exists, [60], but one of the proper-
ties of the class described in that article is that the band functions are proper. This is not the case
in our magnetic models, since the band functions may tend to finite limits as k Ñ 8, giving rise
to a new kind of thresholds.
Our goal is not to develop a general theory for these thresholds, but to illustrate several phenom-
ena typical of Hamiltonians whose band functions tend to finite limit. Unlike to critical points of
band function, there “is no Taylor expansion” near these values, and a first step is to provide an
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asymptotics expansion of λj at infinity. This is done by standard tools coming from the harmonic
approximation, the operators hpkq turning to be of semi-classical type as k Ñ 8 ([113, 76]). It is
known that quantum states localized in energy far from the thresholds enjoy transport and local-
ization properties in the following sense: they bear a current which can be bounded from below,
and they are usually called edge states, because they are small far from the boundary in Quantum
Hall systems ([40, 44]). On the opposite side, as we explain in Section 5.3, the quantum states
localized near these thresholds have a component with very small velocity along the invariance
direction, moreover they are localized at infinity, both in space and in frequency. This analysis
can be found in [77, 103].
Then, we are interested in suitable perturbations of these operators. The essential spectrum will
remain the same, but eigenvalues may appear. To evaluate how many discrete eigenvalues are
created is a widely studied question. In particular, these eigenvalues tend to accumulate near
the edges of the essential spectrum, that are the end-points of the set (1.5). In the case of a
constant magnetic field in the whole space, the question is well known, see [3], [121] (and the
references therein). When such an edge corresponds to a critical point of a band function, through
a localization in frequencies, it appears that an effective Hamiltonian governs the asymptotics of
the eigenvalues in this zone, see [119] for the analysis in Schro¨dinger operators with periodic
potentials. But near a threshold which is a limit of a band function, this procedure does not work
directly. An effective operator is given in [25] for a constant magnetic field in a half-plane with
Dirichlet conditions. The analogous of these questions inside the essential spectrum is to give
the behavior of the spectral shift function associated with the perturbation. It is expected that this
function may be singular at the thresholds. In Section 6.1, we present the results from [103]: we
consider the Iwatsuka model submitted to an electric perturbation, and we provide the a priori
and the precise behavior of this function near thresholds, depending on the hypotheses on the
decay of the magnetic field and the electric perturbation.
In Section 6.2, we present the Schro¨dinger operator with a magnetic field created by a infinite
rectilinear wire, already considered in [137]. This model possesses an additional difficulty: The
bottom of the spectrum corresponds to an accumulation of band functions, see Figures 6.1–6.2.
We study conditions on the electric perturbation for having the finiteness of eigenvalues below
the essential spectrum ([27]).
Numerous questions remains unsolved for such operators, both in particular cases or in a more
global approach. For the model case of the Dirichlet half-plane with constant magnetic field,
perturbed by a compactly supported potential, the precise behavior of the number of eigenvalues
is still not known. Moreover, for these models, the nature of these thresholds, as branching
points of the resolvent, seems to be an interesting question. We expect that these branch points
will have an original behavior, compared to the branch points of the Laplacian with a periodic
potential, well described ([59]). This would be a starting point in order to tackle the analysis of
the resonances near a threshold for perturbations of H0.
Part I
Low lying spectrum of Laplacians in
corner domains
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Chapter 2
Operators in corner domains
In this chapter we present the class of domains Ω with corners and their singular chains X,
extending the points of Ω, in the spirit of [37]. We introduce the local energy of an operator Lh,
EpXq as the infimum of the spectrum of the tangent operator associated with the chain X. In the
last section, we present a general IMS formula, based on a multiscale analysis, providing a lower
bound for the first eigenvalue of Lh, as hÑ 0. At this stage, the operator Lh is not specified, and
the method will be applied to particular cases in Chapter 3 and 4.
2.1 Presentation of corner domains
The operators we will consider share the property to have a nice homogeneity property with
respect to dilations. If one thinks that semi-classical asymptotics requires the analysis of local
models, being defined as the frozen operator on the tangent geometry at a point, it is expected to
consider domains which locally are close to a cone, which is defined as a subset of Rn invariant
by positive dilations. In this spirit, the main class of domains in which we will work are the
corner domains, defined in [37], in the spirit of [101]:
Definition 2.1 (CLASS OF CORNER DOMAINS). The classes of corner domainsDpMq (M “ Rn
or M “ Sn) and tangent open cones Pn are defined as follows:
INITIALIZATION, n “ 0:
1. P0 has one element, t0u,
2. DpS0q is formed by all (non empty) subsets of S0.
RECURRENCE: For n ě 1,
1. Π P Pn if and only if its section of ΠX Sn´1 belongs to DpSn´1q,
13
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2. Ω P DpMq if and only if for any x0 P Ω, there exists an open tagent cone Πx0 P Pn to Ω
at x0.
The existence of a tangent cone is linked to a diffeomorphism ψx0 : U Ñ V , where U (respec-
tively V) is a neighborhood of x0 (respectively of 0), and such that ψx0pU X Ωq “ V X Πx0 and
ψx0pU X BΩq “ V X BΠx0 . The open set U is called a map-neighborhood of x0.
Note that DpRnq includes smooth domains. Let us introduce a subclass of corner domains.
Definition 2.2 (CLASS OF POLYHEDRAL CONES AND DOMAINS). The classes of polyhedral
domains DpMq (M “ Rn or M “ Sn) and polyhedral cones Pn are defined as follows:
1. The cone Π P Pn is a polyhedral cone if its boundary is contained in a finite union of
subspaces of codimension 1. We write Π P Pn.
2. The domain Ω P DpMq is a polyhedral domain if all its tangent cones Πx are polyhedral.
We write Ω P DpMq.
Roughly, one may think that the regular part of a polyhedral cone has zero curvature. On the
contrary, every cone in PnzPn has an unbounded principal curvature near the origin, by a direct
dilation argument. As a consequence, the polyhedral corner domains have bounded curvatures,
but the non polyhedral have not.
In dimension 2 the elements of P2 are R2 and all plane sectors with opening α P p0, 2piq, de-
noted by Sα, including half-planes (α “ pi). Therefore, the elements of DpR2q are the regular
domains, and the curvilinear polygons with piecewise non-tangent smooth sides (corner angles
α ‰ 0, pi, 2pi). In particular, in dimension 2, we have P2 “ P2 and DpR2q “ DpR2q. This is not
true in dimension 3, as shows the example of a circular cone, which is not inP3. In the examples
of figure 2.1, the corner domains of Figure 2.1a are not polyhedral, whereas those of Figure 2.1b
are.
(a) Domains with corners (b) Domains with edges (c) Domains with both
Figure 2.1: Examples of 3D corner domains (Figures drawn by M. Costabel with POV-ray)
A cone Π P Pn being given (up to a rotation) in the form Rν ˆ Γ, with ν ě 0 maximal for such
a form, we denote by dpΠq :“ n ´ ν the irreducible dimension of Π. Now, for a corner domain
Ω P DpMq, we denote by
AdpΩq “ tx P Ω, dpΠxq “ du. (2.1)
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In [13], we prove that the corner domains admit a stratification:
Proposition 2.3. Let Ω P DpMq and let 0 ď d ď n. Then the connected component of AdpΩq
are submanifold of codimension d.
This proposition illustrates the local structure of corner domains. In particular, A0pΩq is the
interior of Ω, A1pΩq is the regular part of the boundary, A2pΩq are the edges (when n ě 3), and
AnpΩq are the vertices, which are therefore isolated.
2.2 Operators on singular chains and local energy
In section we present the geometrical setting, together with Theorem 2.5, that will help to deter-
mine the first order term in the lowest eigenvalues of the operator considered.
An integer p ě 0 being given, a singular chain X “ px0, . . . , xpq is a sequence of points defined
recursively as follow: x0 is set in Ω, then denote by Πx0 “ U0pRν0 ˆ Γx0q the decomposition of
the tangent cone at x0, whereU0 is a rotation. Then x1 is picked in Ωx0 , where Ωx0 :“ Γx0XSd0´1.
Notice that Ωx0 P DpSd0´1q, therefore there exists a tangent cone at x1. The other points pxiqiě2
are defined in the same way, recursively.
To this singular chain is associated a cone ΠX as follows: Πpx0q “ Πx0 , Πpx0,x1q “ U0pRn´d0 ˆ
xx1y ˆ Πx1q, where xx1y is the vector space generated by x1, (recall that Πx1 Ă Rd0´1 denotes
the tangent cone at x1 P Ωx0), and so on for a chain X “ px0, . . . , xpq. These cones are called
the tangent substructures of Ω at x0. We denote by CpΩq the set of all singular chains of Ω, and
Cx0pΩq the set of chains originating at a given point x0 P Ω.
As an illustration, we give below an exhaustion of the chains originating at a vertex x0 P A3pΩq
of Ω P DpR3q:
There are four possible lengths for chains in Cx0pΩq:
1. X “ px0q with ΠX “ Πx0 , the tangent cone (which is not a wedge). It coincides with its
reduced cone since x0 P A3. Its section Ωx0 is a corner domain in S2.
2. X “ px0, x1q where x1 P Ωx0 .
(a) If x1 is interior to Ωx0 , ΠX “ Πpx0,x1q ” xx1y ˆ R2 ” R3. No further chain.
(b) If x1 is in a side of Ωx0 , ΠX ” xx1y ˆ Rˆ R` ” R2 ˆ R` is a half-space.
(c) If x1 is a corner of Ωx0 with opening angle θ Ps0, 2pirztpiu, then we denote by Sθ an
open infinite secteur in the plane, and we have, ΠX ” xx1yˆSθ ” RˆSθ is a wedge.
Its edge contains one of the edges of Πx0 .
3. X “ px0, x1, x2q where x1 P BΩx0
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(a) If x1 is in a side of Ωx0 , the reduced tangent cone at x1, denoted by Γx1 , is a half-line:
Γx1 ” R`. In that case, Ωx1 “ t1u, and x2 “ 1, therefore ΠX “ R3. No further
chain.
(b) If x1 is a corner of Ωx0 , Γx1 is a plane sector, its section Ωx1 is an open interval of the
unit cercle, and x2 P Ωx1 .
i. If x2 is an interior point of Ωx1 , then ΠX “ R3.
ii. If x2 is a boundary point of Ωx1 , then ΠX is a half-space.
4. X “ px0, x1, x2, x3q where x1 is a corner of Ωx0 , x2 P BIx0,x1 and x3 “ 1. Then ΠX “ R3.
Notice that different chains can lead to the same tangent structure. In that case, the chains are
called equivalent. These chains are set with a natural partial order together with a distance:
Definition 2.4. (Order and distance on chains) Let X “ px0, . . . , xpq and X1 “ px10, . . . , x1p1q be
two singular chains in CpΩq.
We say that X ď X1 if p ď p1 and xj “ x1j for all 0 ď j ď p.
We define the distance DpX,X1q P R` Y t`8u as
DpX,X1q “ }x0 ´ x10} ` 12
"
min
LPBGLpnq
LΠX“ΠX1
}L´ In } ` min
LPBGLpnq
LΠX1“ΠX
}L´ In }
*
,
where the second term is set to`8 if ΠX and ΠX1 do not belong to the same orbit for the action of
BGLpnq on Pn, where BGLpnq is the semi-group of linear isomorphisms L with norm }L} ď 1.
In particular, two chains are equivalent if and only if their distance is zero.
Let Ω P DpMq and X “ px0, . . . , xpq P CpΩq, we consider self-adjoint operators bounded
from below Lh, acting on L2pΩq. In almost all our applications, the form domain of Lh will be
H1pΩq. For a given chain X P CpΩq, we need to define the tangent operator on the associated
tangent cone, denoted by LhrΠXs, which will be defined precisely according to the context, and
is, roughly, the differential operator, frozen on the tangent geometry. We refer to Definitions 3.1
for the Robin Laplacian, and 4.1 for the magnetic Laplacian.
In the cases we will analyze, we will have
LhrΠXs ” hL1rΠXs “: hLrΠXs (2.2)
We define the local energy on singular chains as
EpXq, the bottom of the spectrum of LrΠXs. (2.3)
When X is a chain of length 1, i.e. X “ pxq with x P Ω, we will simplify by EpXq “ Epxq.
We also denote by E pΩq :“ infXPCpΩqEpXq. We will show that E acts as an effective potential,
in the sense that its infimum provides the first order in the asymptotics of the first eigenvalue. In
particular, the fact that the infimum is reached is an important step stone. We will also show that
E is involved when determining the essential spectrum of tangent operators. To proceed in the
analysis, we have shown in [13]:
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Theorem 2.5. Let F : CpΩq Ñ R be continuous and monotonous, for the order and the distance
defined in Definition 2.4. Then F is lower semi-continuous. In particular, F restricted to Ω
reaches its infimum.
We will have to show that Ep¨q, defined as above on singular chains, satisfies the hypotheses of
the above theorem.
2.3 Lower bound in corner domains: IMS formula
In this section we present a priori lower bounds for the first eigenvalue, based on localization
formulas when using a partition of the unity. This mechanism works for several Hamiltonian,
generically denoted by Lh here, which will be presented in the next section.
Let P be a set of points of Ω, and assume that pχpqpPP is a locally finite, regular, quadratic
partition of the unity (i.e.
ř
pPP χ
2
p “ 1), depending on h. Then in the sense of form:
Lh “
ÿ
pPP
χpLhχp ´ h2
ÿ
pPP
|∇χp|2.
Now, we assume that the the supports of χp form a suitable covering of Ω, in the sense that the
support of each χp is included in a map-neighborhood of p and supported in a ball of size ppq,
with ppq Ñ 0 as hÑ 0. Then, still in the sense of form:
Lh ”
ÿ
pPP
χpLhrΠp, Gpsχp ´ h2
ÿ
pPP
|∇χp|2
where LhrΠp, Gps denotes the operator on the tangent cone Πp with metric Gp :“ J´1p pJ´1p qT , Jp
being the Jacobian of the local diffeomorphism ψp, see Definition 2.1. Now, in regular domains
and in polygons, it is standard to approachGp by the identity metric, and to take the homogenous
part of the operator.
We denote by κppq the L8 norm of the curvatures at a point p. Error terms, denoted by R,
depending on the size of suppχp, and on κppq, appear. This error term is at least of size ppqκppq.
Roughly, using (2.2), we get (remember that h ! 1):
L “ řpPP χphLrΠpsχpp1`Rpppq, κppqq `Oph2 řpPP ppq´2q
ě řpPP χphEpΠpqχpp1`Rpppq, κppqqq `Oph2 řpPP ppq´2q
ě hE pΩq ` hřpPP Rpppq, κppqq `Oph2 řpPP ppq´2q (2.4)
In regular domains, κ is bounded, therefore it is enough to take balls of size ppq “ hδ, with
δ ă 1
2
chosen in order to optimize the remainders (see [69] for the magnetic Laplacian).
Unfortunately, without a refinement, this procedure does not provide a lower bound in general
corner domains, because Gp ´ I is linked to the curvatures of the boundary, which may be
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unbounded. The idea, developed in [13] and extended in [28], is to take ppq sufficiently small to
counterbalance the possible blow up of the curvatures at p. In dimension n “ 3, at a point p near
a conical point x0 P A0pΩq (that is a point such that Πx0 R P3), the curvature κppq can only be
controlled by |p´ x0|´1. In this case, the procedure is as follows:
• Take a ball of size px0q “ hδ0 centered at x0,
• In the annular region hδ0 ď |x´ x0| ď R0, take a covering by balls of size hδ0`δ1 .
For χp supported in this annular region, κppq will behave as h´δ0 , whereas ppq will be of size
hδ0`δ1 . This will be enough to have a small error term.
In dimension n ě 3, the key is to iterate this procedure according to the stratification of the corner
domain, and we get a suitable covering of Ω, as follows (see [28, Lemma] and [13, Appendix B]):
Ω Ă YpPPBpp, hδ0`...`δkq, where the ball Bpp, 2hδ0`...`δkq is contained in a map neighborhood
of p, and the curvature associated with this map-neighborhood satisfies
κppq ď cpΩq
hδ0`...`δk´1
. (2.5)
In this procedure, k depends on the point p. Moreover, k can be chosen between 0 and ν, where
ν is the smallest integer satisfying
@X P CpΩq, lpXq ě ν ùñ ΠX is polyhedral.
Note that ν ď n´ 1, and that ν “ 1 if and only if Ω is polyhedral.
We will take a partition of unity pχpqpPP satisfying supppχpq Ă Bpp, 2hδ0`...`δkq, and$’’&’’%
ÿ
pPP
χ2p “ 1 on Ω,ÿ
pPP
}∇χp}28 ď CpΩqh´2δ with δ “ δ0 ` . . .` δν .
(2.6)
We deduce from (2.4)
L ě hE pΩq ` h
ÿ
pPP
Rpppq, κppqq `Oph2´2δq. (2.7)
This preliminary step will provide a lower bound if
• The lowest local energy is reached, in order to avoid degeneracy such as E pΩq P t0,´8u.
This will be guaranteed by the application of Theorem 2.5 to the local energy.
• The scales are chosen such that δ P p0, 1
2
q and R “ op1q, for this last estimate, we will use
(2.5).
Chapter 3
The Robin Laplacian
In this chapter, we consider the Laplacian in a bounded corner domain Ω P DpMq, where M
is a Riemannian manifold (mainly, M “ Rn or M “ Sn), with a Robin boundary condition
Bνu ´ αu “ 0, and investigate the asymptotics of its first eigenvalues as α Ñ `8. This is
equivalent to the semi-classical regime h1{2Bν ´ u “ 0, as h Ñ 0. In the Section 3.1, we
present the operator and give a short overview of the asymptotics of its first eigenvalue from
the literature. In Section 3.2, using the tools developed in Chapter 2, we present the recursive
analysis leading the asymptotic behavior of the first eigenvalue in a corner domain, including an
a priori two-side estimate, and the analysis of the essential spectrum of the tangent operators.
We also review our results in the case where the Robin boundary condition have a vanishing
Dirichlet weight function, leading to a non self-adjoint operator. In Section 3.3, we give a more
precise asymptotics of the low-lying eigenvalues in a regular domain, using an effective operator,
defined on the boundary, and involving the mean curvature. We apply our result to show a reverse
Faber-Krahn inequality.
3.1 The Robin Laplacian with large Dirichlet parameter
We consider the Robin eigenvalue problem on a bounded corner domain Ω:#
´∆u “ λu on Ω,
Bνu´ αu “ 0 on BΩ, (3.1)
where α is a real parameter. We denote by QΩα the associated quadratic form:
QΩαpuq :“ }∇u}2L2pΩq ´ α}u}2L2pBΩq, u P H1pΩq. (3.2)
Since Ω is bounded and is the finite union of Lipschitz domains (see [37, Lemma A.A.9]),
the trace map from H1pΩq into L2pBΩq is compact and the quadratic form QΩα is lower semi-
bounded. We define its the self-adjoint operator LΩα as its Friedrichs extension, whose spectrum
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is a sequence of eigenvalues pλRj pα,Ωqqjě1 (shorted to λRj pαq when there is no ambiguity on the
domain Ω), in particular λR1 pαq is called the principal eigenvalue of the system (3.1).
It is well known that λR1 p¨q is decreasing, concave, that λR1 p0q “ 0 and that limαÑ´8 λR1 pαq is
the first Dirichlet eigenvalue on Ω, but the limit as α Ñ `8 appears to be more singular, in the
sense that it is not clear what limit problem would drive the asymptotics, and therefore, do not
enter the framework of regular perturbation theory.
Using a constant test functions, it is direct to see from the min-max principle that λR1 pαq Ñ ´8
as α Ñ `8. Clearly, the limit as α Ñ `8 is linked to the limit h Ñ 0` for the Laplacian with
the boundary condition h1{2Bνu ´ u “ 0. This asymptotics regime for the Robin Laplacian has
several application in reaction diffusion systems ([91]), surface superconductivity ([104, 61, 1]),
and the study of its spectrum has receive a lot of interests since then ([34, 92, 50, 107, 30, 56, 35,
72, 66, 88, 86]).
Therefore, we are able to define our operator in this chapter:
Notation 3.1. In this Chapter, the operator Lh is defined by h´1Lh “ α´2LΩα , with α “ h´1{2.
In particular, the quadratic for associated with Lh is
Qh : u ÞÑ h2
ż
Ω
|∇u|2 ´ h3{2
ż
BΩ
|u|2.
Therefore, λjphq “ α´4λRj pαq. For a cone Π P Pn, the associated tangent operator LhrΠs is
defined as the extension of the form.
QhrΠs : u ÞÑ h2}∇u}2L2pΠq ´ h3{2}u}2L2pBΠq, u P H1pΠq,
and the normalized model operator is LrΠs “ L1rΠs. The local energy CpΩq Q X ÞÑ EpΠXq P R
is now well defined by (2.3), as the bottom of the spectrum of LrΠXs.
Of course, to be totally rigorous, we have to show that the quadratic form, involved in the above
definition of LrΠs, is bounded from below. This is a non-trivial fact which is linked to the
recursive definition of Pn, see Theorem 3.3.
Let us notice that the text presents two equivalent, slightly confusing, notations: one with the
parameter h ! 1, and another one with the parameter α " 1. We did so because the first one
matches with the general framework presented in the other chapters, and the second one is the
most usual one in the literature. In this chapter, we will present our asymptotics for the quantity
λRj pαq.
Using the scaling x ÞÑ h´1{2x in a cone for the Rayleght quotient Qhpuq}u}2 , we see that we are
within the framework of Section 2.2 since (2.2) is satisfied. In a bounded domain Ω P DpRnq,
if we accept the fact that the eigenfunctions tend to be localized near some part of the boundary,
according to the above scaling, as αÑ `8, then it is expected that
λR1 pαq „
αÑ`8 CpΩqα
2. (3.3)
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Let us make a short overview of the pre-existing results. For smooth domains, this is proved with
CpΩq “ ´1 “ EpRn`q (see [91, 94] and [36] for higher eigenvalues), with various improvements
depending on the geometry of the boundary, see Section 3.3.
The sectors of opening θ P p0, 2piq, denoted by Sθ, enjoy an explicit expression for their ground
state energy:
EpSθq “
#
´ sin´2 θ
2
if θ P p0, piq ,
´ 1 if θ P ppi, 2piq . (3.4)
For planar polygonal domains with corners of opening pθkqk“1,...,N , it is conjectured in [91] that
(3.3) holds with
CpΩq “ ´ max
0ăθkăpi
p1, sin´2 θk
2
q “ min
θk
EpSθkq.
Therefore, the asymptotics (3.3) seems to hold, at least for regular domains and two-dimensional
polygons, with
CpΩq “ inf
xPBΩEpΠxq “ E pΩq, (3.5)
which is the same formulation that Conjecture (1.1). This is finally proved in [92] for domains
with corners satisfying the uniform interior cone condition, although the finiteness of E pΩq is
not studied.
3.2 Asymptotics for the first eigenvalue (including the δ-interaction
on hypersurfaces)
As suggested in the introduction, see Section 1.1, the asymptotics (3.3), with (3.5), rises two
questions: Is E pΩq finite, and is it possible to have an a priori remainder? These questions
are in fact quite related, and the first one will get a positive answer if the infimum in (3.5) is
reached. Our aim is therefore to apply Theorem 2.5. Next, our goal is to prove a priori remainder
estimates. Finally, we have proved the following theorem, whose proof, from [28], is inspired by
the strategy developed in [13]:
Theorem 3.2. Let Ω P DpMq, and E pΩq be defined in (1.2). Then
1. E pΩq ą ´8, and there exists x0 P BΩ such that E pΩq “ EpΠx0q.
2. There exist α0 P R, two constants C˘ ą 0, and two integers 0 ď ν 1 ď ν ď n´2, such that
@α ě α0, ´C´α2´ 22ν`3 ď λR1 pαq ´ α2E pΩq ď C`α2´
2
2ν1`3 . (3.6)
We now give the main lines of the proof of the Theorem:
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Lower bound Our operator enters the framework described in Section 2.3, indeed using h “
α´2, the quadratic form QΩα can be written
H1pΩq Q u ÞÑ h´2
ˆż
Ω
h2|∇u|2 ´ h3{2
ż
BΩ
|u|2
˙
.
The error term coming from the approximation of the metrics in (2.4) satisfiesR “ Opppqκppqq “
hδk , see [28, Section 3 & 4]. Therefore (2.7) provides
Lh ě hE pΩq `
νÿ
k“0
Oph1`δkq `Oph2´2δq.
The integer ν depends on Ω as follows:
ν “ inftm P N, all chains of length m are polyhedralu.
In particular, ν “ 0 if and only if Ω is polyhedral. The optimization of remainders is done by
choosing δ0 “ . . . “ δν and 2 ´ δ0 “ 2δ “ 2pν ` 1qδ0, that is δ0 “ 22ν`3 . Linking Lh and LΩα ,
we deduce from the min-max principle that there exist α0 P R and C´ ą 0 such that
@α ě α0, λR1 pαq ě α2E pΩq ´ C´α2´
2
2ν`3 . (3.7)
Bottom of the spectrum of the tangent operator Let Π P Pm, and let Γ be its reduced cone.
In some suitable coordinates, we may write
Π “ Rm´n ˆ Γ (3.8)
with Γ P Pn an irreducible cone and n ď m. The associated Robin Laplacian admits the
following decomposition:
LrΠs “ ´∆Rm´n b In` Im´nbLrΓs (3.9)
In particular
SpLrΠsq “ rEpΓq,`8q.
We denote by ω the intersection of Γ with the unit sphere. Then we have the intermediate result,
stated in [28]:
Theorem 3.3. Assume that E pωq ą ´8. Then
1. EpΠq ą ´8, and the Robin Laplacian, LrΠs, is well defined as the Friedrichs extension
of QrΠs, with form domain H1pΠq,
2. Assume moreover that Π is irreducible. Then the bottom of the essential spectrum of LrΠs
is E pωq.
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This theorem relies on the fact that
QrΠspuq “
ż
rą0
ˆ
|Bru|2 ` 1
r2
Qωr pupr, ¨qq
˙
rn´1dr, (3.10)
where pr, θq P p0,`8q ˆ ω denotes spherical coordinates in the cone Π. We now see that in
Π, for each R fixed, the Robin Laplacian in the region r « R is linked to the Robin Laplacian
with parameter equal to R. As R gets large, we can combine (3.10) and the hypothesis that E pωq
is finite in order to have a lower bound for the quadratic form. The Persson’s Lemma provides
the bottom of the essential spectrum. Let us notice that the the quantity giving the bottom of
the essential spectrum is an infimum over singular chains, and that its structure reminds of the
HVZ’s Theorem for the N -body problem, see [58] for a recent approach.
Note that, at first glance, the second point is of interest only when Π is irreducible. However, if Π
writes as in (3.8), and if ω is the section of Γ, the quantity E pωq will play the role of a threshold,
as we will show below.
Finiteness of the lowest local energy For the Robin Laplacian, this is done by induction on the
dimension n. We assume that E pωq is finite for all ω P DpMq, where M is an n´ 1 dimensional
manifold without boundary. We consider a n dimensional corner domain Ω. First, by standard
perturbation argument, the bottom of the spectrum is regular with respect to the geometry, in the
sense that Pn Q Π ÞÑ EpΠq is continuous with respect to the distance D introduced in Definition
2.4.
We now prove the monotonicity of the local energy. Let x0 P Ω. Denote by ωx0 the section of
the reduce cone of Πx0 , then, we need to introduce the second energy level,
E˚pΠx0q “ inf
x1PBωx0
EpΠx0,x1q, (3.11)
where the tangent structure Πx0,x1 associated with a chain px0, x1q has been defined in Section
2.2. By definition of E p¨q,
E pωx0q “ E˚pΠx0q. (3.12)
Therefore, since ωx0 P DpSn´1q, the recursive hypothesis combined with Theorem 3.3 show that
@x1 P ωx0 , ´8 ă EpΠx0q ď EpΠx0,x1q,
We deduce by immediate recursion that CpΩq Q X ÞÑ EpΠXq is monotonous. As a consequence
of Theorem 2.5, BΩ Q x ÞÑ EpΠxq is lower semi-continuous, therefore it reaches its infimum,
and it is finite. This concludes the induction, and proves the first point of Theorem 3.2.
Given an irreducible cone Π, one may ask for a condition such that the inequalityEpΠq ď E˚pΠq
is strict, i.e. wether there exists discrete eigenvalue below the essential spectrum of LrΠs. This
question, interesting in itself, receives an answer in the following cases:
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• If Π is a sector of opening α, the answer is yes if and only if α P p0, piq, i.e. if and only if
it is a convex sector, see (3.4). Moreover, it is proven in [88] that when α P p0, piq, there
exist only a finite number of eigenvalues below the essential spectrum.
• If the complementary of the cone is convex, then the answer is no ([109, Corollary 3]).
• If the mean curvature is positive at one point of the boundary of ω :“ Π X Sn´1, then the
answer is yes. Moreover, there exists an infinite number of eigenvalues below the essential
spectrum ([109, Theorem 6]).
• In [26], we assume that n “ 3 and that ω is smooth. Denote by κ the geodesic curvature of
Bω, and by κ` its positive part. Then E pΠq “ ´1, and the number of eigenvalue of LrΠs
in p´8,´1´ λq behaves, as λÑ 0`, as
1
8piλ
ż
Bω
κ`pkqds.
• When ω is convex, upper and lower bound on EpΠq are given in [92, Section 5], using
geometrical quantities. These bounds become an exact value when Π is polygonal and ω
admits an inscribed circle.
Construction of test-functions and upper bound We aim to construct a test-functions for the
operator in Ω, localized near a minimizer x0 P BΩ of the local energy. As described in the last
paragraph, if EpΠx0q ă E˚pΠx0q, then there exists an eigenfunction (with exponential decay) ψ0
for LrΓx0s. Next, we consider the function 1 b ψ0 P L8pRn´d ˆ Γx0q, where d is the reduced
dimension of Πx. A quasi-mode for LrΠx0s is easily constructed from this function, after suitable
rotation, cut-off and scaling. This quasi-mode is then transported by a local map in a quasi-mode
in Ω, and estimate of the remainder provide an upper bound of the first eigenvalue. It is called a
sitting quasi-mode, in the terminology of [13]. This procedure is rather standard.
But if EpΠx0q “ E˚pΠx0q, the operator on the reduced cone Γx0 does not have discrete eigen-
values below its essential spectrum, and it is not clear how to localize a test function with energy
EpΠx0q. The method is to construct a quasi-mode qualified as sliding in [13]. Notice that the
spirit close to the construction of quasi-modes in manifold with corners, described in [63]. We
describe the main lines of the proof below.
First, there always exists a chain X “ px0, . . . , xνq initiated at x0 such that EpΠXq “ EpΠx0q “
E pΩq, andEpΠXq ă E˚pΠXq. This is shown by recursion, see [28, Proposition 7.1], starting with
the half-plane, where E˚ “ 0 and E “ ´1. Therefore it is possible to construct a test-function
for LrΠXs.
Next, this function is then used through a sequence of scaling and translations in order to get a
test function defined in Πx0 , localized a neighborhood of 0, but whose support avoids the origin
(and it also avoids all the points xk, k ď ν ´ 1, in the recursive steps). The sizes of the scaling
are different, and not determined at this stage.
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The last step is similar to the sitting case: we transport the test function, defined in Πx0 , into a
function in Ω. Roughly, the energy of this last test function is α2EpΠXq, modulo some remain-
ders, coming from the use of cut-off and approximations of the metric. The scales are then set in
order to optimize the remainders. The min-max-principle provides the upper bound of (3.6).
The Laplacian with a strong δ-interaction Our results are true for the Laplacian acting on a
hypersurface with corners with a strong δ-interaction. Let Ω P DpMq be a corner domain and
let S “ BΩ be its boundary. We consider LS,δα the self-adjoint extension associated with the
quadratic form
u ÞÑ }∇u}2L2pMq ´ α}u}2L2pSq, u P H1pMq.
The associated boundary problem is the Laplacian with the derivative jump condition across the
closed hypersurface S: rBνusBΩ “ αu. When M “ Rn, it is well known (see e.g. [21]) that since
S is bounded, LS,δα is a relatively compact perturbation of ´∆ on L2pRnq and then
σesspLS,δα q “ r0,`8q.
Moreover LS,δα has a finite number of negative eigenvalues. If we denote by λδ1pαq the lowest one,
by applying the strategy developed for the Robin Laplacian, all the above results are still valid
replacing λR1 pαq by λδ1pαq. We still define the tangent operator at a point x as LSx,δ1 , where Sx is
the boundary of Πx. The associated local energy at x, EδpSxq, is the bottom of the spectrum of
LSx,δ1 , and their infimum is E
δpSq. Then, as explained in [28]:
Theorem 3.4. Theorems 3.2 and 3.3 remain valid when replacing the Robin Laplacian LΩα by
the δ-interaction Laplacian LS,δα .
When x belongs to the regular part of S, Sx is an hyperplane and
EδpSxq “ ´14 , (3.13)
see [52]. Therefore E δpSq “ ´1
4
when S is regular, and we recover the known main term of the
asymptotic expansion of λδ1pαq proved in dimension 2 or 3 (see [52, 51, 43]).
To our best knowledge the only studies for δ-interactions supported on non smooth hypersurfaces
are for broken lines and conical domains with circular section (see [6, 46, 48, 93]). In that case,
it is proved in the above references that the bottom of the essential spectrum of LS,δα is ´α2{4,
which can be deduced from our Theorem 3.3 together with the scaling argument. In view of our
result, this remains true when the section of the conical surface is smooth, and we are able to
compute the bottom of the essential spectrum for a wider class of δ-interaction on cones.
Moreover, our work seems to be the first result giving the main asymptotic behavior of λS,δα for
interactions supported by general closed hypersurfaces with corners.
Remark 3.5. For the Robin Laplacian and the δ-interaction Laplacian, we can add a smooth
positive weight function G in the boundary conditions. These conditions become, for the Robin
condition Bνu “ αGpxqu and for the δ-interaction case, rBνus “ αGpxqu. In our analysis, for
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x P BΩ fixed, we change α into αGpxq and clearly, the results are still true by replacing E pΩq
and E δpSq by:
EGpΩq :“ inf
xPBΩGpxq
2EpΠxq, E δGpSq :“ inf
xPSGpxq
2EδpSxq.
For the Robin Laplacian, such cases were already considered in [92] and [32].
Note that the Laplacian with a Robin-type boundary condition ωBνu “ u, involving a variable
function ω which vanishes at a point x0, can be very different. In dimension 2, denote by s an
arclength parameter of BΩ near x0, and assume that ω vanishes at order 1 (i.e. ωps0q “ 0 and
ω1ps0q ‰ 0). The associated quadratic form u ÞÑ }∇u}2L2pΩq ´ }|ω|´1{2u}L2pBΩq is not bounded
from below in H1, and it is not clear how to define a self-adjoint operator. This problem has
been noticed in the model case of a half-disc, [8, 100]. Using the Kondratiev theory ([89]), we
are able to show in [105] that the Robin Laplacian has indices of defect equal to p1, 1q ([127]).
Therefore, the spectrum of its adjoint covers the whole complex plane C, and we are able to
describe its self-adjoint extensions as a one-parameter family Lpθq, for θ P S1. We also study
the dependency of their eigenvalues with respect to θ. The situation where ω vanishes to other
orders may be very different, and may not be covered by the theory of Kondratiev. We plan to
investigate these cases.
3.3 Effective Hamiltonian in the regular case: the role of the
curvature
We now assume that Ω is a C2 domain, and we describe how to get a more precise asymptotics
of the low-lying eigenvalues. As the analysis of the last section has shown, the minimizer of the
local energy will govern the first term of the asymptotics. But for a regular domain, EpΠxq “ ´1
for all x P BΩ. If one thinks of the local energy as an effective potential, then it would say in that
case that its extremum is reached on the whole boundary; in this sense the problem is not very
far of the puits sous varie´te´s for the harmonic approximation described in [74], and it is expected
that an effective operator, defined on BΩ, will lead the asymptotics of the low-lying eigenvalues
of LΩα , as αÑ `8.
In the literature, first results are obtained in dimension n “ 2: if we denote by γ : BΩ Ñ R the
curvature of the boundary, and γmax its maximum, then it is proved in [50, 107] that, as αÑ `8,
for fixed j P N,
λRj pαq “ ´α2 ´ γmaxα `Opα2{3q. (3.14)
Note that in case of balls and spherical shells, these asymptotics are done through analytical
ODEs, see [56].
The asymptotics (3.14) rises several questions: what is the analogous in higher dimension, and is
it possible to see the influence of j P N in the next term of the asymptotics? In [65], the authors
assume that Ω Ă R2 is C8, and that γ admits a unique non-degenerate maximum. They prove
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that this maximum acts as a wells and they provide a full asymptotic expansion of the eigenvalues
(in the form (3.16) below)).
For a regular domain Ω Ă Rn, we denote by H : BΩ Ñ the mean curvature of its boundary and
by ´∆S the (positive) Laplace-Beltrami operator on the hypersurface BΩ. Then, we prove in
[111]:
Theorem 3.6. Assume that Ω is C3. Denote by Leffα the operator ´∆S ´ pn ´ 1qαH , acting on
H2pBΩq, and µjpαq its j-th eigenvalue. Let j P N be fixed, then, as αÑ `8:
λRj pαq “ ´α2 ` µjpαq `Op1q. (3.15)
As α Ñ `8, the operator Leffα has the form of a semiclassical Schro¨dinger operator on BΩ,
the potential being proportional to ´H . In particular its eigenvalues satisfy, as α gets large,
µjpαq „ ´pn ´ 1qαHmax, where Hmax denotes the maximum of H . More precise asymptotics
enters the framework of harmonic approximation, see [73, 132, 42]: hypotheses on H near its
minimum will imply more structure in the asymptotics. In particular:
Corollary 3.7. There holds, as αÑ `8:
λRj pαq “ ´α2 ´ pn´ 1qαHmax ` opαq
Assume moreover that Ω is C8, and that H admits a unique global maximum at s0 and that the
Hessian of ´pn´ 1qH at this maximum is positive-definite. Denote by µk its eigenvalues and set
V “
" ν´1ÿ
k“1
c
µk
2
`
2nk ´ 1
˘
, nk P N
*
.
Let us sort the elements of V in the increasing order, repeating the terms if they appear multiple
times, and denote by ej the j-th element. Then for each j P N there holds, as αÑ `8,
λRj pαq “ ´α2 ´ pn´ 1qαHmax ` ejα1{2 `Opα1{4q. (3.16)
Moreover, if ej is of multiplicity one, the remainder estimate can be improved to Op1q.
Notice that various improvements of the above result exist, depending on some changes in the
assumptions:
• An analogous of the result holds when Ω is not compact, provided it has a good structure
at infinity, see [111, Definition 1.1], in the spirit of [31].
• In dimension 2, if H has a unique maximum of order 2 ă p ă `8, a three-terms asymp-
totics is still available, see [111, Corollary 1.8].
• If the domain Ω is only C2, (3.15) still holds with a remainder inOplogαq instead ofOp1q.
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• In dimension n “ 2, assuming that there exist a unique non-degenerate curvature well,
(3.16) has been obtained in [65], with a full asymptotic expansion in power of α1{2. In the
case of a symmetric domain with two curvature wells, the tunneling effect is analyzed in
[66], in particular it is proved that the tunneling effect is given by the one of Leffα , which
can be seen as a Schro¨dinger operator acting on S1 with a double-wells potential.
Following this analysis, the question of a refinement of (3.6) (and of an asymptotics for the
higher eigenvalues) for non-smooth boundary is a relevant question. For polygons, this is the
object of [85]. Following the ideas of [10, 11], this problem is treated in [86]: if each model
problem at a vertex vj hasKj eigenvalues below its essential spectrum, then the firstK :“ řjKj
eigenvalues will be “attracted” by the corners, with an exponentially small interaction. The
asymptotics expansion of the next eigenvalues requieres a more global approach, since the sides
of the polygons will now contribute. This is done in [87] (see also [108]), under an additional
hypothesis on the essential spectrum of the model problems: in a polygon with zero curvature,
once the corners have “attracted” the K first eigenvalues, the K ` j eigenvalue of the Robin
Laplacian satisfies
λK`jpαq “ ´α2 ` µn `O
` logα
α
˘
where µn is the n-th eigenvalue of the Laplacian on the graph formed by the sides of the boundary,
with a Dirichlet boundary condition at each junction. Note that this approach is inspired by [62]
for a similar problem.
Application to a Faber-Krahn inequality The optimization of eigenvalues under geometri-
cal constraints has received a lot of interest since more than a century, originating from Lord
Rayleigh’s Theory of sound. He conjectures the following property, now classical: : among
bounded domains Ω of fixed volume, the first eigenvalue of the Dirichlet Laplacian should be
minimized by the ball. This has been proven by Faber and Krahn in the 1920’s. This kind
of questions has been extended to numerous optimization problems, such as the second Neu-
mann eigenvalue and higher Dirichlet eigenvalues, forming the family of isoperimetric spectral
inequalities. We refer to [75, Sections 3-7] for an overview containing the historical references.
In this part, we note λR1 pα,Ωq the first eigenvalue of the Robin Laplacian, in order to emphasize
the dependency on the domain. It has been proved in [20] in dimension 2, and in [34] in any
dimension, that λR1 pα,Ωq is also minimized by a ball when α is fixed in p´8, 0q.
But, according to the value of the derivative BαλR1 when α “ 0, it has been conjectured in [4]
that the ball should become the maximizer for λR1 pα,Ωq when α ą 0 is fixed. This reverse
Faber-Krahn inequality has been proved in dimension n “ 2 for α small enough ([56, Section
4]), but, surprisingly, this conjecture has been disprove for large α: in [56, Section 3], it is
proved that if B and A are a ball and a spherical shell of same volume, then, for α large enough,
λR1 pα,Bq ă λR1 pα,Aq. Such a counter-example relies on explicit calculations, using the spherical
invariance of the domains in order to express the eigenvalues as roots of special functions.
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In view of Corollary 3.7, the maximization of λR1 pα,Ωq leads to the following question:
Set the volume of Ω, how to minimize Hmax ? (3.17)
The counter example to the Faber-Krahn inequality shows also that this problem has no solution
without additional constraint, indeed a thin annulus of large radius can have a fixed volume, but
its mean curvature can be arbitrary small. In [110], we prove:
Theorem 3.8. Let Ω Ă Rn be a bounded star-shaped regular domain, and B a ball of same
volume. Then
HmaxpΩq ě HmaxpBq,
moreover there is equality if and only if Ω is a ball.
The above theorem relies on the standard isoperimetric inequality, combined with a Minkowski
type equality:
|BΩ| “
ż
BΩ
ppsqHpsqdS,
where ppsq “ s ¨ νpsq is the support function of a star-shaped domain, νpsq being the exterior
normal.
Using the normalized curvature flow, this Theorem has been improved in dimension n “ 2
to the more restrictive class of simply connected domain (note that spherical shells are simply
connected only when n ě 3). One may ask wether the result holds true in any dimension among
domains with connected boundary, but a counter example has been shown in [53]: the authors
construct a family of nodoids, diffeomorphic to a ball, in dimension 3, whose mean curvature is
arbitrarily small, with a fixed volume.
As a consequence of Theorem 3.8, we get:
Corollary 3.9. Let Ω be a domain which is simply connected if n “ 2, or star shaped if n ě 3.
Assume that Ω is not a ball and let B be a ball of same volume. Then, for all j P N, there exists
α0 ą 0 such that
@α P pα0,`8q, λRj pα,Ωq ă λRj pα,Bq.
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Chapter 4
The semi-classical magnetic Laplacian in
corner domains
In this chapter we consider the semi-classical magnetic Laplacian
p´ih∇` Aq2 “
nÿ
j“1
p´ihBxj ` Ajq2, (4.1)
in a bounded simply connected domain Ω, with magnetic Neumann boundary condition. All the
results about the asymptotics of its first eigenvalue as h Ñ 0 have the structure (1.1). We show
this asymptotics, with a remainder, when Ω is a three-dimensional corner domains. Unlike to
the Robin laplacian (Section 3.2), we are not able to perform a recursive procedure, and we have
to proceed to an exhaustion of different model problems on the tangent geometries. We give
various improvement of the remainder under stronger geometric assumptions, and we obtain a
full asymptotic expansion when the domain is a lens, under some hypotheses.
4.1 The semi-classical magnetic Laplacian
In dimension n P t2, 3u, the magnetic Laplacian with magnetic field takes the form (4.1) where
the vector field A “ pA1, . . . , Anq is the magnetic potential. The associated magnetic field is
the 2-form B “ dwα, where wA :“ řnj“1Ajdxj . In low dimensions, the magnetic field can be
identified with B “ curlA. The operator is defined by the above differential expression, with a
magnetic Neumann boundary condition p´ih∇u´Aqu ¨ n “ 0. It is the Friedrichs extension of
the form
H1pΩq Q u ÞÑ
ż
Ω
|p´ih∇´ Aqu|2,
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and an eigenpair pλ, ψq of this operator solves the boundary value problem#
p´ih∇` Aq2ψ “ λψ in Ω ,
p´ih∇` Aqψ ¨ ν “ 0 on BΩ . (4.2)
For a simply connected domain Ω, due to the gauge invariance, the spectrum depends only on
the magnetic field B “ curlA, and not on the choice of the magnetic potential. In this chapter,
we denote by λjphq the j-th eigenvalue of the magnetic Laplacian.
The asymptotics of λjphq has receive a lot of attention for more than twenty years. One of the
main motivations comes from the modeling of surface superconductivity, which involves the
magnetic Laplacian with a large magnetic field, and can be linked to the semi-classical Laplacian
described above (see [55] and the references therein).
From now on, we consider that B is fixed. We assume that it is smooth enough and, unless
otherwise mentioned, does not vanish on Ω. The question of the semiclassical behavior of λ1phq
has been considered in many papers for a variety of domains, with constant or variable mag-
netic fields: Smooth domains [5, 7, 95, 69, 41, 54, 123] and polygons [84, 10, 11, 12] in di-
mension n “ 2, and smooth domains [97, 70, 71, 124, 55] in dimension n “ 3. We will give an
overview in the next paragraph, and we refer to [55] and [126] for a more complete state of the art.
Three-dimensional non-smooth domains were only addressed in two particular configurations—
rectangular cuboids [106] and lenses [113, Chap. 8] and [116], with special orientations of the
magnetic field (that is supposed to be constant). Finally, in [13], general three-dimensional corner
domains are treated, with some extensions to higher dimensions.
Before describing this literature, we replace the problem in our framework by defining the tangent
operators and their ground state energy.
Notation 4.1. In this chapter, Lh is the magnetic Laplacian associated with (4.2). For a cone Π
and a constant vector field B0 ‰ 0, we define LhrΠ, B0s, the Neumann-magnetic Laplacian on Π
with a linear potential generating B0, and LrΠ, B0s :“ L1rΠ, B0s. We denote by EpΠ, B0q the
bottom of the spectrum of LrΠ, B0s. For a singular chain X “ px0, . . .q P CpΩq, the local energy
is defined by EpXq “ EpΠX, Bpx0qq, and, as in (1.2), E “ E pΩ, Bq is the infimum of Ep¨q.
Notice that EpXq depends not only on the geometry of ΠX, but also on the value of the magnetic
field at x0.
Before [13], all the results about λ1phq have the structure of (1.1) with various estimates on
λ1phq ´ hE pB,Ωq, depending on the geometry, mostly on the form
´ Chκ´ ď λ1phq ´ hE pB,Ωq ď Chκ` . (4.3)
where κ˘ P p1, 2q.
We describe now what is known on the values of the local energy, linking it with what is known
for semi-classical asymptotics. We refer to [55], and more recently to [13, Section 2], for a more
detailed state of the art.
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Using another scaling, one easily see that EpΠ, Bq “ |B|EpΠ, B|B|q, therefore we consider below
the local energies for constant unitary magnetic field only.
The case where Π “ Rn is explicit: here EpΠ, Bq “ 1 corresponds to the first Landau level.
In dimension n “ 2, B is just a scalar field, and EpΠ, 1q “: Θ0 « 0.59 when Π is a half-
plane. This value is the infimum of the eigenvalues of a one-dimensional family of Sturm-
Liouville operators which will also appear in Part II. For a sector Sα of opening α P p0, 2piq,
there holds EpSα, 1q ď Θ0, with a strict inequality if α P p0, α0q, were α0 is slightly above pi2 ,
see [84, 9, 10, 49]. It is conjecture that the strict inequality holds if and only if α ă pi, see [12]
for finite element computations by Galerkin projection.
Therefore, if Ω Ă R2, and b is a regular non-vanishing magnetic field
E pΩ, Bq “ minpinf
Ω
B,Θ0 infBΩ B,minvPA0
pBpvqEpSαpvq, 1qq,
where αpvq is the opening angle of a vertex v P A0. In that case, (4.3) is true with various values
of κ˘, depending on the situation: for the regular case, we refer to [96, 7, 69, 54] (constant
magnetic field) and [69, 123] (variable magnetic fields). For polygonal domains, this is done in
[10, 11].
For regular domains in dimension 3, the local energy depends on the geometry as follows: denote
by θ P r0, pi
2
s the non-oriented angle between the magnetic field and the boundary of the half-
space Π, then, B being unitary, EpΠ, Bq depends only on θ, and is denoted by σpθq. Then, as
proved in [97, 71], r0, pi
2
s Q θ ÞÑ σpθq is C1 and increasing, moreover σppi
2
q “ 1, and σp0q “ Θ0.
This function is studied in more details as θ Ñ 0 in [14]. Therefore, if Ω Ă R3 is regular,
E pΩ, Bq “ minpinf
Ω
|B|, infBΩ σpθpxqq|Bpxq|q,
where θpxq denotes the angle between B and BΩ at a point x. In the case where B is constant,
the minimum is reached at points on the boundary at which the magnetic field is tangent. Then,
in [71], (4.3) is proved with κ˘ “ 43 . Under more geometrical hypotheses, a two term asymptotic
is provided. The proof of (4.3) for a variable magnetic field is done in [55] (with a remainder),
and a more precise asymptotics is given in [124] under more hypotheses.
Concerning singular domains, rectangular cuboids has been addressed in [106]: (1.1) holds, and
improvements are proved for particular configuration of the magnetic field. The case where
Π is a three-dimensional wedge (the model problem associated with an edge), is described in
[114, 115]. As an application the situation where the domain Ω is a lens (two regular faces
separated by a loop contained in a plane) is treated with a constant magnetic field orthogonal to
the plane of the loop: (4.3) is obtained in [113] for lenses of small opening, with κ˘ “ 54 , and
precised with a sharp asymptotics in [116] under some non-degeneracy hypotheses, with κ˘ “ 32 .
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4.2 The need of a taxonomy in corner domains
In the works described above, E pΩ, Bq is known de facto or by hypothesis: for example, for a
unitary magnetic field, it is Θ0 in the case of a regular domain orEpSpi
2
, 1q in the case of a square.
But a major problem occurs in the case of a general corner domain: the minimizing tangent
geometry is hard to determine. It is not even known for 2d corners, in which it is often assumed
that the minimizing energy comes from the corner of smallest opening, a natural, although hard
to check, hypothesis. Our first step is to use Theorem 2.5 to prove the existence of a minimizer
of the local energy. As for the Robin case, this step is important because it will show that
E pΩ, Bq ą 0, and also because it will help us to construct a test function near a minimizer.
The monotonicity of X ÞÑ EpXq cannot be proved recursively as for the Robin Laplacian, be-
cause no analogous of (3.9) holds for the magnetic Laplacian. This property will come from the
exhaustion of models occurring. In this paragraph, the magnetic field is constant and unitary. We
use the second energy level E˚, defined similarly to (3.11). We have proved in [13]:
Theorem 4.2. Let Π P P3, and B ‰ 0 a constant magnetic field. Then
EpΠ, Bq ď E˚pΠ, Bq. (4.4)
Moreover, we have the following alternative:
1. If EpΠ, Bq ă E˚pΠ, Bq, then there exist an L8 eigenvector for LrΠ, Bs associated with
EpΠ, Bq.
2. IfEpΠ, Bq “ E˚pΠ, Bq, then there exists a singular chainX P CpΠq such thatEpΠX, Bq ă
E˚pΠX, Bq and EpΠ, Bq “ EpΠX, Bq.
This theorem, stated in [13, Section 7], relies on a taxonomy of model problems, since it is
proved by the exhaustion of the different cones, according to their degree of singularity d:
For d “ 1, the cone Π is a half-space, EpΠ, Bq “ σpθq where θ is the angle between B and BΠ,
and E˚pΠ, Bq “ EpR3, Bq “ 1. Monotonicity of the local energy comes from σpθq ď 1 and
regularity of σ was already known.
Assume that d “ 2, i.e. that Π is a wedge. Then E˚pΠ, Bq can be expressed with σp¨q, and
the angles between the magnetic field and the two faces. The theorem comes from [115]. It
relies on the fiber decomposition by partial Fourier transform along the edge, and the study of
the associated band functions. In particular it is shown that the limit of these band functions are
linked to E˚pΠ, Bq. Sufficient geometric conditions for the strict inequality are provided : this
is true when the opening angle is small. Cases of equality are also provided in [114].
When d “ 3, it is proved in [13] that the bottom of the essential spectrum ofLrΠ, Bs isE˚pΠ, Bq,
leading to the inequality. In case of equality, the existence of a singular chain satisfying the theo-
rem comes from application of Theorem 2.5 to the section of Π, together with the exhaustion of
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cases d ď 2. Note that in case of strict inequality, the associated eigenfunctions have exponential
decay. Examples of such cones can be found in [106, 18, 15].
As a consequence of Theorem 2.5 and (4.4), we have:
Theorem 4.3. Let Ω P DpR3q, and B P C0pΩq be a non-vanishing magnetic field. Then the
function
x ÞÑ EpΠx, Bpxqq
is lower semi-continuous on Ω. Therefore, it reaches its infimum E pΩ, Bq, and we have that
E pΩ, Bq ą 0.
4.3 Asymptotics with remainder
In this section, we describe our results about the asymptotics of λ1phq, as h Ñ 0. Our main
asymptotic result, proved in [13], is
Theorem 4.4. Let Ω P DpR3q, and A P C2pΩq. Then there exists CΩ ą 0 and h0 ą 0 such that,
for all h P p0, h0q:
ˇˇ
λ1phq ´ hE pΩ, Bq
ˇˇ ď #CΩ`1` }A}2W 2,8pΩq˘h11{10, Ω corner domain,
CΩ
`
1` }A}2W 2,8pΩq
˘
h5{4, Ω polyhedral domain.
(4.5)
Here the constant CΩ only depends on the domain Ω (and not on A, nor on h).
Globally, the strategy of proof is the same that for the Robin Laplacian (and has been developed
chronologically before): the lower bound comes from a suitable partition of the domain and
approximation of the operator by local models, whereas the upper bound comes from the con-
struction of test functions localized near a minimizer x0 of the local energy. The test functions
are provided by Theorem 4.2, and are then adapted to the local geometry, in the same way as for
the procedure for the Robin Laplacian: in a row, they are qualified as sitting in case 1 of Theorem
4.2, and are centered at x0, and as sliding in case 2, where they are issued from a higher singular
chain than px0q, their support is close to x0 but avoids this point.
We describe now the differences, both in the proof and in the result, with the low-lying asymp-
totics for the Robin Laplacian.
Our result is valid in dimension 3, and the method does not extend in higher dimension. One of
the main reasons is that the analysis of the local energy relies on a taxonomy of model problems.
The analysis on wedges ([115]) is done by a fiber decomposition through a partial Fourier trans-
form along the edge, and leads to a family of magnetic Laplacians, with a potential depending
of the parameter. When the first band function reaches its infimum, it provides localization in
the frequency dual to the edge, but the existence of such a minimum is not always guaranteed.
In that case, it is still possible to link the limit of the band function to the second energy level
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E˚pΠ, Bq. The specificity of this procedure does not seem to work directly in order to compare
the bottom of the spectrum of a tangent operator on a cone EpΠ, Bq and the second energy level
E˚pΠ, Bq for a general cone Π. This shows that the method proving the lower semi-continuity
of the local energy does not adapt directly for the magnetic Laplacian, and it is not clear whether
E pΩ, Bq is not zero in higher dimensions. Nevertheless, we show in [13] that for Ω P DpRnq
lim
hÑ
λ1phq
h
“ E pB,Ωq,
moreover we are able to prove a lower bound in any dimension, see [13, Section 5.3], in the sense
that for Ω P DpRnq, there exist κ P p1, 2q and C ą 0 such that for h small:
λ1phq ą hE pB,Ωq ´ Chκ,
moreover if Ω is polyhedral, κ “ 5
4
.
Another difference with the Robin Laplacian is the influence of the magnetic field, both in the
minimization of the local energy and in the remainder estimates. In the analysis of Section 3.2,
the minimum of the local energy is given by the geometry of Ω only. In contrast here it may
depends also on the variation of the magnetic field, giving rise to several different configurations
for the locus of the concentration of the eigenfunctions. Therefore, it is not clear what could be
an effective Hamiltonian for the next term in the asymptotics without additional hypotheses.
The error terms R in (2.7), which appears also in the upper bound, involve linearization of the
metrics in Opppqκppqq “ hδ1 , and of the magnetic potential, in a combination of Opηhq and
Opη´1ppq4κppq2q, where η ą 0 is a parameter to be optimized. This is done by choosing
η “ hδ0`2δ1´ 12 . At the end, the optimization of scales leads to δ0 “ 310 and δ1 “ 320 . In the case of
a polygonal domain, there holds κ “ Op1q, a one-scale analysis is sufficient and leads to δ0 “ 38 ,
as in [69].
In [13], we improve the upper bound of our asymptotics under stronger conditions:
Theorem 4.5. let Ω P DpR3q and B P C2pΩq a magnetic field.
1. If B vanishes somewhere in Ω, the lowest local energy E pΩ, Bq is zero, and
λ1phq ď CΩ
`
1` }A}2W 2,8pΩq
˘
h4{3.
2. If there exists a corner x0 P A3pΩq such that E pΩ, Bq “ EpΠx0 , Bx0q ă E˚pΠx0 , Bx0q,
then
λ1phq ď hE pΩ, Bq ` CΩ
`
1` }A}2W 2,8pΩq
˘
h3{2| log h|,
3. Assume that Ω is a straight polyhedron and B is constant. Then
λ1phq ď hE pΩ, Bq ` CΩ h2,
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4. Assume that A P C3pΩq, then
λ1phq ´ hE pΩ, Bq ď
#
CΩ
`
1` }A}2W 3,8pΩq
˘
h9{8, Ω corner domain,
CΩ
`
1` }A}2W 3,8pΩq
˘
h4{3, Ω polyhedral domain.
(4.6)
The three first improvements are rather expected, and do not require new tool in the analysis.
They come from a better optimization of error terms, using the hypothesis. But the asymptotics
(4.6) requires a much deeper analysis of all the model problems described in Section 4.2, in order
to make some terms vanish when evaluating the test functions. The core of this upper bound is to
take into account the fact that the functions coming from Theorem 4.2, used in the construction
of our test functions, are not only L8, but may have exponential decay in some direction. This is
combined with subtle properties, such as that the Holder regularity of the local energy for wedges
proved in [115], and a good choice of gauge.
Computing the next term in the asymptotics requires more hypotheses, but it not clear how
stronger hypotheses on the geometry will turn into good properties for the minimum of the local
energy. It is natural to look for a well (a punctual minimum) of the local energy.
In a two-dimensional polygon, if the local energy is minimum at a corner (a natural hypothesis),
with a gap (case 2 of Theorem 4.5), then it is possible to give a full asymptotic expansion of the
first eigenvalues: as described for the Robin Laplacian, if the model problem at each corner vj
possesses Kj eigenvalues below the bottom of the essential spectrum, it is possible to give the
asymptotics of the first K “ řKj eigenvalues in power of h1{2. We refer to [10, 11]. These cases
are called corner concentration.
For a regular domain in dimension 2, the local energy is nothing else but Bpxq in the interior and
Θ0Bpxq on the boundary. If the minimum of the local energy corresponds to one (and only one)
of the minimum of these two functions, in the sense that
min
Ω
B ă Θ0 minBΩ B or minΩ B ą Θ0 minBΩ B,
and if this minimum is non-degenerate, reached in a unique point x0, then the asymptotics of
all the low-lying eigenvalues is available, using the concentration of the eigenfunctions near the
point x0.
The case where x0 is in the interior ([97]) is in fact very close to the case without boundary
([68, 67]), and one obtains a full asymptotic expansion of all the low-lying eigenvalues. This
case easily extends to higher dimension.
When x0 is on the boundary, it is also possible to localize (in phase-space) the operator near
px0, k0q, where k0 is the frequency at wich the first band function of the model problem on R2`
reaches its infimum Θ0, and to compute the full asymptotics expansions of λnphq, see [125]. In
dimension 3, the situation is slightly more complicated because the local energy on the boundary
is now |Bpxq|σpθpxqq, where θpxq is the angle between B and the boundary at a point x. In the
case where the minimum of the local energy corresponds to a unique non-degenerate minimum
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of this function, a three-term asymptotics is computed in [124]. The method should extend to the
case where the local energy has a non-degenerate global minimum inside a given stratum.
The case of a constant magnetic field is very different in spirit because the local energy is now
constant on a submanifold of a stratum: the whole boundary in dimension 2, and a curve inside
the boundary in dimension 3. In dimension 2, a full asymptotic of the eigenvalues is available
under the assumption that the curvature admits a unique non-degenerate minimum ([54]). The
method combines the localization of the eigenfunctions in phase space and a Grushin method.
In dimension 3, only the first two terms of the asymptotics of the first eigenvalue are known,
see [71]. But these two results requiere a non-degeneracy hypothesis on the curvature, and the
existence of an effective Hamiltonian leading the asymptotics, in the spirit of [111], is still an
open question. The construction of a WKB expansion near the boundary is made in [17], and a
suggestion for an effective operator on the boundary can be found in [16], for a two dimensional
regular domain with a constant magnetic field.
In [116], we consider a lens: a domain in R3 with two faces separated by an edge, which is a
loop contained in the plane tx3 “ 0u. The magnetic field is B “ p0, 0, 1q. For this domain, the
local energy on the edge depends only on the opening angle α between the two faces. More-
over, it is increasing with respect to α. Therefore, if this opening angle has a minimum α0, it
will provide a minimum for the local energy. We assume that the minimum of the opening an-
gle is non-degenerate, which implies the same property for the local energy. At this point, the
model problem is a magnetic Laplacian on a 3d-wedge. We assume that for this model problem,
E ă E˚ (case 1 of Theorem 4.2), a fact which is check numerically and proved for α smaller
than αm « 0.38pi ([113]). We finally need to assume that the first band function of the model
problem has a unique non-degenerate minimum. Then we show under these assumptions the full
asymptotic expansion
λjphq “ h
ÿ
pě0
cp,jh
p{4,
where c0,j “ E , c1,j “ 0 and c2,j “ κ0 ` ω0p2j ´ 1q, where pκ0, ω0q are two constants. We
also have an expansion of the eigenfunctions. Once again, our tools are based on Agmon es-
timates for the localization in phase and space of the eigenfunctions, and a Grushin procedure
in order to approach the magnetic Laplacian by an effective operator with a potential having a
non-degenerate minimum at the low-lying energies.
Part II
Translation invariant magnetic fields (and
their perturbations)
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Chapter 5
Spectrum of magnetic Laplacians with
translation invariant magnetic field
In this chapter, we present the free operators of this part: they are magnetic Laplacians with
magnetic fields having translation invariant properties. More precisely, they have the form (1.3).
In section 5.1, we define precisely the systems we will consider, and we give their fiber decompo-
sition through partial Fourier transform. The associated fiber operators have discrete spectrum,
the so called band functions. We present the notion of threshold of a fibered operator from [60],
and explain that our operators have a new kind of threshold, corresponding to a finite limit of a
band function. In Section 5.2, we give their asymptotics for large frequencies. In Section 5.3, we
exploit these results by describing the bulk states: they are quantum particles localized in energy
near a threshold, with very small propagation along the direction of invariance.
5.1 The thresholds of fibered operators
In this section, we defined in details the different Schro¨dinger operators we will analyze, and we
discuss the notion of thresholds in their spectrum.
The operators considered in the two following parts have the form (1.3), (i.e. p´i∇´Aq2, acting
on L2pωˆRq), more precisely, we will mainly considered the following classes of Hamiltonian:
A Half-plane submitted to a constant magnetic field. Here ω “ R` and B “ 1. The operator
is defined by a boundary condition at x “ 0 (mainly, Neumann or Dirichlet). This model
has been studied in numerous model arising in surface superconductivity and quantum Hall
effect. We refer to for [129, 40, 98, 69, 29, 78, 55, 25]) for a non exhaustive list of articles
where this operator is involved.
B Iwatsuka magnetic field. Here, ω “ R and B “ Bpxq is increasing and have finite limits.
Moreover, two cases are particularly relevant:
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1 Standard Iwatsuka magnetic field. This is the case where B is positive regular with
positive limits. This model has been studied first as an example of a magnetic Lapla-
cian with absolutely continuous spectrum ([82]), and present transport properties
along the y direction ([112, 99, 79]).
2 Magnetic steps. This is the case where B is constant, with values B˘, on each half-
line R˘. This model presents interesting transport properties in the both directions
along the y axis, and can be solved analytically ([128, 76]), it is also involved in
surface superconductivity with a discontinuous constant magnetic field ([2]).
C Magnetic wire. Here, ω “ R2, and B “ bprqpsin θ,´ cos θ, 0q, where pr, θ, zq are cylin-
drical coordinates of R3. These models have been studied in [137, 120, 138]. In that case,
the magnetic potential can be chosen to be Aprq “ p0, 0, aprqq. The case aprq “ log r
corresponds to a magnetic field created by an electric wire placed in the z axis ([137, 27]),
the case aprq “ r to a unitary magnetic field ([113, 57]) and more general cases are treated
in [138].
These models can be fibered through the partial Fourier transform F along the direction of in-
variance, and satisfy (1.4). The first two models lead to the same one dimensional operator
hpkq “ ´B2x ` papxq ´ kq2, x P ω (5.1)
where a1pxq “ Bpxq, and with a boundary condition (Neumann or Dirichlet) when ω “ R`,
model A. With our hypotheses, the domain of these operators does not depend on k. The fiber
operators associated with model C is slightly different, and the relevant case aprq “ log r will
be described in Section 6.2. In all cases, except when B has zero as a limit in case 2 (this case
is treated in [76]), the fiber operator hpkq has compact resolvent, and the resolvent phpkq ` iq´1
is analytic with respect to k P R. We denote by λjpkq its eigenvalues, which are non-degenerate,
and therefore analytic, and we denote by ujp¨, kq associated normalized eigenfunctions. In par-
ticular, since we have (1.4), the spectrum is absolutely continuous, provided the band functions
are not constant, which will be the case in our models.
A definition of thresholds for fibered operators is given in [60]. In this article, Ge´rard and Nier
define the class of analytically fibered operators (see [60, Section 2] for the precise definitions).
They define the set of energy-momentum
Σ :“ tpλ, kq P RˆM,λ P σphpkqqu,
where the momentum space, M , a real analytic manifold, is R in our case. Then, they define
the projection pR : Σ Ñ R by pRpλ, kq “ λ. Assuming that this projection is proper, they show
the existence of a stratification of the two sets Σ and R associated with pR, in the sense that the
dimensions of the strata agree with the rank of pR on each stratum. The result relies on the theory
of analytic singularities. Then, the thresholds are defined as the strata of dimension 0 of R. They
therefore form a discrete subset of the spectrum. The authors show a Mourre estimate outside
this set, based on the construction of a conjugate operator.
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This theory has its roots in the analysis of the spectrum of the Schro¨dinger operator with periodic
potential, which can be fibered through Floquet-Bloch transform. The energy-momentum set Σ
is known as the Bloch variety. In this framework, a quite complete analysis of the thresholds
can be done, see [59]. In particular, when a threshold corresponds to a critical point E of λjp¨q,
a Taylor expansion of λj at this point is available. It can provide a good description of the
branching point of the resolvent near E. This point is also a key argument in the existence of an
effective Hamiltonian, in the study of the number of eigenvalues in the gap of the spectrum for
perturbations of such an operator, see [119], and also the next chapter.
Our setting is slightly different. Firstly, this general framework is not necessary because the
variable k lies in R, and the operator hpkq acts in dimension 1 (except for the model studied in
[115] where the dimension is 2), and the eigenvalues are simple, which involve that the band
functions are analytic. In that case standard thresholds correspond to the critical points of the
band functions λjp¨q. The point making our operators out of the setting of [60] is that the band
functions are not proper in general, and may possess finite limits as |k| Ñ `8, giving rise to a
new kind of threshold.
We define the thresholds for the above models as either one of the critical point of the band
functions, or one of their limits.
Our goal is not to define thresholds in a general setting, but more to present results and methods
for the study of the spectrum of H0 (and its perturbations) near these values. An analytic proper
band function has, at a critical points k0, a Taylor expansion, which allows to remplace formally
the operator by the symbol provided by its Taylor expansion, for frequencies k « k0. In our
cases, we will need to replace this idea by an asymptotic expansion of the band function as
k Ñ 8, and also to use the expansion of the corresponding eigenfunctions. As we will see, the
band functions may present different behavior, depending on the model.
5.2 Asymptotic behavior of the band functions
We collect here known and elementary properties of the band functions. The objective is to
illustrate that their behaviors at infinity can be very different, depending on the model.
Theorem 5.1 ([38, 69] for the global behavior, [80, 113] for the asymptotics). Consider the
model A. In case of a Dirichlet boundary condition (D), the band functions are decreasing. In
case of a Neumann one (N), they admit a unique non-degenerate minimum. In both cases,
lim
kÑ´8λjpkq “ `8 and limkÑ`8λjpkq “ 2j ´ 1 :“ Ej,
moreover,
λ
D{N
j pkq ´ Ej „
kÑ`8 ˘cjk
2j´1e´k
2
, cj ą 0.
Moreover the asymptotics of λ1j at `8 can be deduced by differentiating the above formula.
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Theorem 5.2 ([82, 99] for the global behavior, [103] for the asymptotics). Consider the model
B1. Assume that the Iwatsuka magnetic field is increasing, positive, C1, with limxÑ˘8 “ B˘.
Then the band functions are increasing, with
lim
kÑ˘8λjpkq “ EjB˘ :“ E
˘
j .
Assume moreover that the magnetic field has a power-like convergence:
Dx0 ą 0, DM ą 0, @x ě x0, Bpxq “ B` ´ x´M . (5.2)
Then
λjpkq ´ E`j “
kÑ`8 ´
EjB
M`
kM
`Opk´M´2q.
There exist a slightly more general version of this theorem, for a magnetic field which satisfies
(5.2) only asymptotically, see [103, Theorem 2.2]. This theorem includes a two-term asymptotic,
but we have preferred to present the above version, easier to read.
The case of a magnetic step, model B2, offers a different behavior, which depends on the ratio of
the two values of the magnetic field ([76]). Using a normalization, we assume that B` “ 1, and
that B´ P r´1, 0q. We denote by b “ |B´|. Notice moreover that by a symmetry argument, the
band functions of the case B` “ ´B´ “ 1 is the collection of the band functions of the model
in half-plane with both Neumann and Dirichlet boundary condition.
Definition 5.3. We define L “ tEj, j ě 1uŤtbEj, j ě 1u, and we define the splitting set S “
tEj, j ě 1uŞtbEj, j ě 1u. We will say that there is a splitting of levels if S ‰ H i.e. if there
exist positive integers ` ă j such that
b “ 2`´ 1
2j ´ 1 . (5.3)
The set of limit points of the band functions λjpkq as k Ñ `8 is precisely L. Moreover, we may
describe the asymptotics of the band functions in the following way ([76]):
Theorem 5.4. Consider the model 2.
1. Non-splitting case. Let λ P LzS. We can write in a unique way λ “ Ej or λ “ bEj with
j ě 1. Then there exists a unique pj P N˚ such that:
(a) λpjpkq ´ Ej “ jpkq Ñ
kÑ`8 0 (in the case λ “ Ej),
(b) λpjpkq ´ bEj “ jpkq Ñ
kÑ`8 0 (in the case λ “ bEj),
with, in the first case,
jpkq “ ´ 1?
pi
2j´2p1` bq 1pj ´ 1q!k
2j´3e´k
2p1` op1qq,
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and in the second case,
jpkq “ ´ 1?
pi
2j´2b3{2´jp1` bq 1pj ´ 1q!k
2j´3e´k
2{bp1` op1qq.
2. Splitting case. Assume that the splitting set is not empty and consider λ P S. Let us
consider j ě 1 and ` ě 1 such that λ “ Ej “ bE`. There exists pj P N˚ such that#
λpjpkq ´ Ej “ ´j pkq
λpj`1pkq ´ Ej “ `j pkq
with, as k tends to `8,
´j pkq “ ´2
j´3{2p1` bq
pj ´ 1q!?pi k
2j´3e´k
2p1` op1qq,
`j pkq “ 2
`` 3
2 b´``
3
2
p`´ 1q!p1` bq?pik
2``1e´k
2{bp1` op1qq.
Remark 5.5. These asymptotics permit to state when a band function is not monotonous, but
there is no result about the number of minima.
These asymptotics are quite elementary to reach. The limit being the Landau levels can be un-
derstood as follows: as k gets large, the eigenfunction associated with a bounded eigenvalues
will concentrate in a zone |apxq´k| “ Op1q. But, as k gets large, the value of the magnetic field
in this zone is close to a constant (or even equal to a constant in the case of a magnetic step).
These arguments show that the spectrum pλjpkqqně1 converge the Landau levels. The computa-
tion of the next term needs a little more work. After some elementary changes of variable, the
operator takes the form h´1 p´h2BX `W pX, hqq, where W ě 0 is confining and vanishes. For
the Iwatsuka model 1, W has a unique minimum with an explicit Taylor expansion. The method,
standard, consist in constructing quasi-modes, in the spirit of the harmonic approximation. This
method tends to fail for magnetic field which are constant at infinity, as in the cases A and 2,
because the potential W will be equal to X2 near its minima. In the case of a magnetic step,
the potential W is piecewise quadratic, and reaches its minimum in two points. The exponential
remainder can then be understood as a tunneling between wells. But in those cases, the use of
parabolic cylindrical functions solving the eigenvalue problem allows to recover the asymptotics.
5.3 Study of currents
In this section we present notions related with the quantum motion of a particle submitted to a
translation invariant magnetic field. Firstly, we introduce the current in the direction of invari-
ance, and express it using the group velocity (the derivative of the band function). The notion
of edge states has appear in numerous models, such as in [64, 99, 47, 40, 128, 79], and roughly,
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corresponds to particle localized in energy far from the thresholds. Their counterpart, the so-
called bulk states, are localized in energy near the thresholds, and we provide a method to have
quantitative estimates of their current.
Recall that Ω “ ωˆR is assumed to be translation invariant in the last variable, and denote by F
the partial Fourier transform in this variable. Given a function f P L2pΩq, we define its j-Fourier
coefficient by
fjpkq “ xpFfqp¨, kq, ujp¨, kqy
and its j-th harmonic by the projection
pijpfqpx, yq :“ 1?
2pi
ż
R
eikyujpx, kqfjpkqdk.
The current operator along y is
Jy “ ´irH0, ys,
and direct computations show that Jy “ ´iBy ´ a. If we denote by yptq :“ e´itH0yeitH0 , the
evolution of the position in the y direction, then there holds dy
dt
ptq “ e´itH0JyeitH0 , so the velocity
in the y direction is the evolution of the observable Jy.
This operator is naturally linked to the the derivative of the band functions, the so-called “group
velocity”, by the Feynman-Hellmann formula:
@f P DompH0q, xJypijf, pijfy “
ż
kPR
λ1jpkq|fjpkq|2dk.
Extending this formula to compute xJyf, fy for any f P DompH0q is not direct, because in-
teraction terms appear. However, if f satisfies the non-overlapping condition i ‰ j ùñ
supppfiq X supppfjq “ H, then there holds
xJyf, fy “
ÿ
jě1
ż
kPR
λ1jpkq|fjpkq|2dk.
Therefore, estimates on the current will be provided by the control of the derivative of the band
functions.
Assume that λj is strictly monotone (if not, the following procedure can be easily adapted). We
may assume that λj is increasing, the case of a decreasing band function being the same. Let
ηj be the reciprocal function of λj . For an interval I Ă σpH0q, if we denote by PI the spectral
projection associated with H0 on I , we say say that f is localized in energy in I when PIf “ f ,
i.e. when f P ranpPIq. In that case for all j ě 1, we have that supppfjq Ă ηjpIq, and we can
control the current of each non zero harmonic pijf as follow:
inf
ηjpIq
λ1j ď xJypijf, pijfy}pijf}2 ď supηjpIq
λ1j (5.4)
5.3. STUDY OF CURRENTS 47
We see now the role of the set of thresholds T , defined by the union of the critical points and of
the limits of the band functions: if I X T “ H and if a finite number of band function cross in I ,
then there exists a constant C ą 0 (which does not depend on f ) such that
@j ě 1, C}pijf}2 ď xJypijf, pijfy,
see [40] for the analysis in model A and [99] for model B. The hypothesis that a finite number
of band functions cross I is not satisfied in magnetic-wire models C (see [28, 57]), where it is
harder to get estimates on the current. We refer to [57, Section 3] for an estimate of the current
for a unitary magnetic field.
If the energy interval I contains a threshold, it is clear that no lower bound on the current is
available ([40, 79]). The approach, developed in [77], is to consider an energy interval close to a
threshold and to use the asymptotic expansion of the band functions converging to this threshold.
To make it simple let us assume that the band function λjpkq converges to a threshold Ej as
k Ñ `8, and consider I :“ pEj ˘ δ, Ejq (the term ˘δ depends on wether the convergence is by
below or by above), with 0 ă δ ! 1. Here, Ej “ Ej “ 2j ´ 1 in model A and Ej “ B`Ej in
model B. Then, using the asymptotics of Section 5.2, we get in [77] and [103]:
Theorem 5.6. Consider the model A, with Dirichlet boundary conditions. Let j ě 1 be fixed.
There exist δ0 ą 0 and C ą 0 such that @δ P p0, δ0q,
@f P ranpPIq, |xJypijf, pijfy| ď
˜
2δ
a| log δ| ` C δ log | log δ|a| log δ|
¸
}pijf}2.
Moreover, there exists another constant c ą 0, such that for all  P p0, 1q, there exists δ0 ą 0
such that @δ P p0, δ0q,
@f P ranpPIq,
ż p1´q?| log δ|
x“0
ż
yPR
|pijfpx, yq|2dydx ď C2j´1δ2 | log δ| 2j´12 p1´ 2q}pijf}2.
Theorem 5.7. Consider the model B1, with a magnetic field as in Theorem 5.2. There exist
δ0 ą 0 and Cj ą 0 such that @δ P p0, δ0q,
@f P ranpPIq, |xJypijf, pijfy| ď
´
βδ1`
1
M ` Cδ ηM
¯
}pijf}2
with β “ M
B`E
1
M
j
and η “ minp2M ` 2,M ` 3q. Moreover, there exists another constant c ą 0
such that @δ P p0, δ0q,
@f P ranpPIq,
ż cδ´ 1M
´8
ż
yPR
|pijfpx, yq2|dydx ď Cδ ηM
In the above results, the estimates on the currents is a direct consequence of (5.4) and of the
asymptotics on the derivative of the band functions. The result on the localization of functions
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localized in energy in I needs more work. The condition f P ranpPIq on the energy, together
with I close to a threshold, imply that supppfjq is located in the zone k " 1. Here, a typical
magnetic effect arise: using that the symbol ξ2x ` pk ´ apxqq2 of H0 should lie in I (when
restricted to ranPI), we get that pijf should concentrated in the zone apxq´ k “ Op1q, therefore
in a zone corresponding to large values of x. These considerations become rigorous by using
precise localization estimates for the eigenfunction ujp¨, kq, as k Ñ `8.
5.4 Decomposition of the free resolvent and absorption prin-
ciple
In this section we explain how to extend the resolvent near a point in the spectrum in a suitable
functional space. The method is well known outside thresholds, using weighted spaces, and we
describe functional spaces in which the resolvent is well defined up to the thresholds.
Let Rpzq “ pH0´ zq´1 be defined on CzσpH0q. For f and g in L2pΩq, we have, using the partial
Fourier transform F :
xRpzqf, gy “
ÿ
jě1
ż
kPR
fjpkqgjpkq
λjpkq ´ z dk. (5.5)
In this expression, we clearly see that one of the integrals may be undefined as z “ E P ranpλjq.
One of the possible strategies to define the resolvent is to add conditions on f and g such the
integral converges in a suitable sense. The case where E is reached by a band function is well
known, and the resolvent admits a limit as z “ E ` it and t Ó 0 (denoted by z “ E ` i0`q,
in weighted spaces ([136, 33, 60, 134]). We recall below the procedure by a direct construction,
avoiding Mourre estimates. Assume that the energy E correspond to a non-critical point of a
band function λj , in the sense that
Dk0 P R, λjpk0q “ E, λ1jpk0q ‰ 0,
then, assuming that I is an open interval containing k0 on which λj is a diffeomorphism, we
isolate the singular term in (5.5), an perform the change of variable λ “ λjpkq:ż
I
fjpkqgjpkq
λjpkq ´ z dk “
ż
λjpIq
f˜jpλqg˜jpλq
λ´ z η
1
jpλqdλ, (5.6)
where f˜j :“ fj ˝ ηj (and similar notation for gj), ηj being the reciprocal function of λj on I .
This integral can be defined as z “ E ` i0` as a principal values when f˜j and g˜j are Lipschitz
functions near E. Let s ą 1
2
, a sufficient condition for that is that f and g are in the weighted
space L2,spΩq :“ tf P L2pΩq, xyysf P L2pΩqu, see [33]:
Proposition 5.8. Consider model A or B. LetK be a compact subset of σpH0q without thresholds
and s ą 1
2
. Then z ÞÑ Rpzq, initially defined on CzσpH0q, extends to C` XK as a Ho¨lder
function, for the topology of the norm in BpL2,spΩq, L2,´spΩqq.
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The case where k0 is a critical point of a band function can be treated by adding additional
vanishing conditions for fj at k0, see [33, 134].
We now describe how to extend the resolvent when E is the limit of one of the band functions.
Assume that E “ Ej is the limit of exactly one band function λj , at `8, which is monotonous.
The case where λj is not monotonous (but monotonous in a neighborhood of `8) can be treated
in the same way. To make it simple, assume finally that E is not a threshold of another band
function. Then, as above, for z P CzσpH0q, we consider the j-th term in (5.5), and write it as in
(5.6). But this time, E is an end point of the energy interval λjpRq, moreover, η1jpλq Ñ `8 as
λÑ Ej , therefore we need additional conditions to define the integral as a principal value.
Denote by Ij :“ λjpRq (remark that Ej is an endpoint of Ij), and C0,αpIjq the space of the Ho¨lder
functions of Ij endowed with its norm } ¨ }C0,αpInq. In what follows, the pair ps, αq satisfies
s ą 1
2
and 0 ď α ă minp1, s´ 1
2
q. (5.7)
Introduce the vector space
X s,αj :“ tf P L2,spΩq, η1{2j f˜j P C0,αpIjq X L2pIjq,
´
η
1{2
j f˜j
¯
pEjq “ 0u,
endowed with its natural norm
}f}X s,αj :“ }η1{2j f˜j}C0,αpIjq ` }η1{2j f˜j}L2pIjq ` }f}L2,spΩq.
We have, see [117]:
Lemma 5.9. The space X s,αj is a Banach space, dense in L2pΩq.
For a compact set K, we define TK :“ tj P N, Ej P Ku, and
X s,αK :“
č
jPTK
X s,αj .
Then:
Theorem 5.10. Let H0 be one of the Hamiltonians A or B1, K Ă C a compact set, and ps, αq as
in (5.7). Then, Rpzq, initially defined on C` XK, extends to an α-Ho¨lder continuous functions
on C` XK in the uniform operator topology in BpX s,αK , pX s,αK q1q
This result has been written for the model A in [117]. Let us now describe some properties of
this absorption space. One of the conditions provides
f P X s,αj pΩq ùñ wαj fj P L8pRq
with wjpkq :“ |λjpkq´ Ej|´α|λ1jpkq|´ 12 . Therefore, functions in the absorption space have decay
properties for its j-Fourier coefficient. This has several consequences, such as the regularity
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in the dual variable y, as expected. Another, more surprising property, is the decay in the x
variable. Once again, this is a magnetic effect, arising from the mixing in phase space of the
variables k and x through the symbol of H0. We illustrate these two properties on the model A
with Dirichlet boundary condition, for which wjpkq “
kÑ`8 Cj,αk
α´jp2α`1qek2pα`
1
2
q, by the result
below (see [117, Section 3] for the detailed proof):
Theorem 5.11. Consider model A. Under the assumptions of Theorem 5.10, for any positive real
number β ă min
´
1, 2α`1
1`?2α`1
¯
, we may find two constants Cjpβq ą 0 and Ljpβq ą 0 such that
we have:
@f P X s,αj pΩq, @L ě Ljpβq,
ż `8
L
}pijfpx, ¨q}2L2pRqdx ď Cjpβq}f}2X s,αj pΩqe´βL
2
. (5.8)
Moreover, the function y ÞÑ }pijfp¨, yq}L2pR`q, initially defined in R, admits an analytic continu-
ation to C´.
Chapter 6
Effect of perturbations on thresholds
In this chapter we will consider a fibered Hamiltonian H0, such as those of the previous chapter,
and perturb it by a sign-definite potential V . For suitable perturbations, the essential spectrum
will remain the same, but discrete eigenvalues may appear. It is well known that near the thresh-
olds of the spectrum of H0, an accumulation of eigenvalues can occur. This phenomenon is
deeply related to the nature of the threshold.
The case of a constant (homogeneous) magnetic field has been widely studied, starting from [3,
133], where the most striking behaviour is the fact that even a compactly supported perturbation
can create an infinite number of eigenvalues. This framework, where the band functions (and the
associated eigenfunctions) are more explicit, has then received a lot of attention, see [135, 122,
81, 121, 19], and has been extended to various kind of perturbations.
In [119], the author study electric perturbations of a Schro¨dinger operator with periodic potential,
whose band functions have non-degenerate minima, providing localization in phase space. The
general method described in this work has then been applied with success to numerous models
where the band functions share the same properties, such as: a perturbation of a constantly
twisted waveguide ([22]), a half-plane with Neumann boundary condition and constant magnetic
field (model A) in [25, 45], and extended to the study of the spectral shift function for a constant
magnetic field in a strip ([23]).
Let us describe, as a model example [25, Theorem 2.3], analyzing the discrete spectrum for a
perturbation of model A with a Neumann boundary condition. Recall that the first band function
has a unique non-degenerate minimum Θ0, reached for k “ k0. Assume that V P L8pΩq is non-
negative potential, and that V Ñ 0 as |px, yq| Ñ `8. Then the number of negative eigenvalue
of H0 ´ V is, at first order, the same as the number of negative eigenvalues of the effective
Hamiltonian
heff :“ ´µB2y ´ v,
acting on L2pRq, where the effective mass is µ :“ 1
2
λ21pk0q, and the effective potential is vpyq :“ş
xPR` V px, yqu1px, k0q2dx.
One of the main ideas behind this result, from [119], is to exploit the Taylor expansion of the
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band function near its minimum: λ1pkq “ µpk ´ k0q2 ` oppk ´ k0q2q. Therefore, locally, after a
translation in k and an inverse Fourier transform, the symbol of H0 is in some sense the same as
´µB2y . The effective potential is what remains from V after a localization in frequency near k0.
This strategy does not work directly for the same operator with a Dirichlet boundary condition,
because the infimum of the first band function is not a minimum anymore, but is the limit of λ1
at infinity. Still, an effective operator governs the asymptotics. Let us define
Ψx,ξpkq “ pi´1{4e´iξke´ px´kq
2
2 , (6.1)
and denote by Px,ξ the projector onto spanpΨx,ξq. Introduce the anti-Wick integral operator
V : L2pRq Ñ L2pRq as
V :“
ż
Ω
V px, ξqPx,ξdxdξ. (6.2)
This operator is defined through the bilinear form
pf, gq ÞÑ xVf, gy :“
ż
k
ż
x,ξ
V px, ξqpPx,ξfqpkqgpkqdk “ xVf, gy (6.3)
“
ż
x,ξ
V px, ξqxΨx,ξ, fyxΨx,ξ, gydxdξ. (6.4)
Then, roughly, the operator λ1 ` V plays the role of the effective Hamiltonian, where λ1 stands
for the operator of multiplication by λ1. We refer to [25, Theorem 2.1] for the precise statement.
This result has been extended to other situations, mainly to the behavior of the spectral shift
function at threshold in [24], and to other model for which the band functions have a different
behavior at its limit, such as the Iwatsuka model. It is on this case that we will focus in Sec-
tion 6.1. To conclude, we present another model, in which an infinite number of band function
accumulate to the bottom of spectrum: the magnetic wire C. We analyze the finiteness of the
spectrum for perturbation of this Hamiltonian.
6.1 Perturbation of the Iwatsuka model
In this section we are concerned about extensions of the results from [130, 131, 102], counting
the number of eigenvalues in the gap of the bands of the spectrum of the Iwatsuka model B1. In
[102], an effective operator of the same kind as in [25] appears:
Let 0 ď V P L8pR2q be a potential such that lim`8 V “ 0. Assume that E`j ă E´j`1 (this is
satisfied when B´ ă 3B`). Set A P pE`j , E´j`1q, and for λ small enough, denote by Njpλq :“
Tr1pE`j `λ,Aq the number of eigenvalues in the interval pE`j ` λ,Aq.
Let ψj be the j-th Hermite function, and similarly to (6.1), define
Ψj,x,ξpkq “ e´iξkψjpx´ a´1pkqq.
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These functions may be seen as a good approximation of the eigenfunctions of hpkq (see (5.1)),
as k gets large. Then, we define Vj as in (6.2).
Then, in the same spirit as [25], it is stated in [102, Theorem 2.1] that for all δ P p0, 1q, asÑ 0:
Tr1pE`j ,`8qpλj ` p1´ δqVjq `Op1q ď Njpλq ď Tr1pE`j ,`8qpλj ` p1` δqVjq `Op1q,
where λj should be understood as the operator of multiplication by λj . Note that in this asymp-
totics, the term Op1q depends on δ, and that changing the constant A in the definition of Nj will
only make a difference of a constant term, which can be included in the Op1q term.
Roughly, this theorem can be exploited in two different cases: polynomially decaying potential,
and compactly supported potential. In the first cases, we also ask the magnetic field to decay
faster that the potential. Let us go into details for the polynomially decaying potential.
We will assume that for any pair pα, βq P Z2` (Z` :“ t0, 1, 2, ...u), there exists a positive constant
Cα,β satisfying
|BβxBαy V px, yq| ď Cα,βxx, yy´m´α´β for all px, yq P R2, (6.5)
where m ą 0. For λ ą 0 set
N0pλ, V q :“ 1
2pi
voltpx, yq P R2;V px, yq ą λ, x ą 0u, (6.6)
where vol denotes the Lebesgue measure in R2. Note that if V satisfies (6.5), then N0pλ, V q “
Opλ´ 2m q, as λÑ 0.
We also suppose that for some positive constants C and λ0
N0pλ, V q ě Cλ´2{m, 0 ă λ ă λ0, (6.7)
and that N0pλ, V q satisfies a homogeneity condition of the form
lim
Ó0 lim supλÓ0
λ2{m pN0pλp1´ q, V q ´N0pλp1` q, V qq “ 0. (6.8)
Conditions (6.5)-(6.7)-(6.8) are necessary to have some control of the function V at infinity, from
above and below. A typical condition on V to satisfy (6.5)-(6.7)-(6.8) is:
lim
px,yqÑ8
xx, yymV px, yq “ ω
ˆ px, yq
|px, yq|
˙
,
where ω : S1 Ñ r,8q is smooth and  ą 0.
Let us describe [102, Corollary 2.4]: assuming that B is a smooth function, with B` ´ B “
Opxxy´Mq as xÑ `8, and if N0pλ, V q satisfies (6.5), (6.7) and (6.8), with 1 ă m ăM , then
Njpλq „
λÑ0 B`N0pλ, V q.
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On the contrary, if V is compactly supported, then, as in [25], the counting function of eigenval-
ues is not related to a volume in phase space, see [102, Corollary 2.3] for the precise result. In
particular, even a compactly supported potential can give rise to an infinite number of eigenval-
ues.
In [103], we have extended some of the above results to the behavior of the spectral shift function.
Assume that V satisfies
|V px, yq| ď Cxx, yy´m for all px, yq P R2, (6.9)
with m ą 2. Then the diamagnetic inequality implies that for any real E ă inf σpHq the
operator V 1{2pH0 ´ Eq´1 is Hilbert–Schmidt, and hence the resolvent difference pH ´ Eq´1 ´
pH0´Eq´1 is a trace-class operator. The last property implies that there exists a unique function
ξ “ ξp¨;H,H0q P L1pR; p1`E2q´1dEq, called the Spectral Shift Function (SSF) for the operator
pair pH,H0q, that satisfies the Lifshits-Kreı˘n trace formula:
TrpfpHq ´ fpH0qq “
ż
R
ξpE;H,H0qf 1pEqdE,
for each f P C80 pRq, and vanishes identically in p´8, inf σpHqq [139]. Outside the essential
spectrum, the spectral shift function and the eigenvalue counting function agree up to a bounded
term, and therefore the SSF could be seen as an extension of the counting function to the whole
real line (although we have to be aware that the SSF is only defined as an element of L1pR; p1`
E2q´1dEq.)
The following result gives an a priori control on the spectral shift function:
Theorem 6.1. Suppose that V ě 0 satisfies (6.9) and that B satisfies (5.2). Set H˘ :“ H0 ˘ V ,
then:
1. On any compact set C Ă RzT , supEPC ξpE;H˘, H0q ă 8, i.e. the SSF is bounded away
from the thresholds. Moreover, as λ Ó 0:
ξpE`j ´ λ;H˘, H0q “ Opλ´1 ` λ´2{Mq, ξpE`j ` λ;H`, H0q “ Opλ´1q, (6.10)
ξpE`j ` λ;H´, H0q “ Op1q. (6.11)
2. The SSF ξp¨;H˘, H0q is continuous on Rz
`
σppH˘q Y T
˘
, where σppH˘q denote the set of
eigenvalues of H˘.
From Theorem 6.1 we know that the only possible points where ξpE;H˘, H0q is unbounded, are
the thresholds T . The following result shows that it remains bounded if V tends to 0 fast enough:
Theorem 6.2. Make the same hypotheses that in Theorem 6.1, with m ąM ` 2. Then, as λ Ó 0,
ξpE`j ` λ;H˘, H0q “ Op1q and ξpE`j ´ λ;H˘, H0q “ Op1q.
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This theorem covers four different cases. One of these was already stated, under weaker assump-
tion on V , in (6.11), and is conceptually very different.
As for the counting function, we are able to precise the behavior of the spectral shift function
under additional hypotheses on V :
Theorem 6.3. Make the same hypotheses that in Theorem 6.1, with M ą m. Assume also that
N0pλ, V q satisfies (6.7), (6.8). Then, the following asymptotic formula at the thresholds holds
true:
ξpE`j ˘ λ;H˘, H0q “ ˘B`N0pλ, V qp1` op1qq, λ Ó 0. (6.12)
Remark 6.4. Note that (6.12) could be written in the form
ξpE`j ˘ λ;H˘, H0q “ ˘
ż
 px, yq P R2; V px, yq ą λ, x ą 0(
Bpxq dxdy p1` op1qq, λ Ó 0,
(6.13)
which is in accordance with the formula obtained for the function that counts number of discrete
eigenvalues of the perturbed Pauli operator near zero (see [83]). This formula shows that, ifBpxq
converges to B` fast enough, the asymptotic behavior of ξ depends only on the limit B`. On the
contrary, if the convergence ofBpxq toB` is slow in comparison with the decaying rate of V , the
formula (6.13) is no longer true, as is shown by Theorem 6.2, because the term in the right hand
side of (6.13) is unbounded as λ Ó 0, for example when V px, yq “ xx, yy´m and m ą M ` 2.
Therefore, Theorem 6.2 is somehow a non-semiclassical result.
Remark 6.5. Let B` ą B´ ą 0, and consider the magnetic field satisfying Bpxq “ B` for
x ą 0, and Bpxq “ B´ for x ă 0 (model B2 in the last chapter). Then, for this model it should
be possible to obtain a formula similar to (6.12), using the results on the band functions of [76]
combined with the ideas used to analyze the SSF that appear in [24]. Further, this may suggests
that a result like (6.12) is true as long as Bpxq converges fast enough to B`. However, such a
result would need the analysis of band function in the general case.
Let us describe briefly the strategy if the proofs. The first step is to consider the Birman-
Schwinger type operator T pzq “ V 1{2pH0´zq´1V 1{2, for z P CzR, and to show that limδÓ0 T pE`
iδq “ T pE ` i0`q exists in the norm sense, for every E P RzT .
For K a compact self-adjoint operator, as Section 5.3, PIpKq denotes the spectral projector
associated with K on the interval I . For r ą 0, we set
n˘pr;Kq :“ RankPpr,8qp˘Kq;
We exploit a useful representation from [118, Theorem 1.2]: For almost all E P R, the SSF
ξpE;H˘, H0q satisfies
ξpE;H˘, H0q “ ˘ 1
pi
ż
R
n¯p1; ReT pE ` i0q ` t ImT pE ` i0qq dt
1` t2 . (6.14)
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Estimates near a threshold and continuity of the limit operator T pE ` i0q brings Theorem 6.1,
see [103, Section 5].
The precise behavior at thresholds needs more work. As an example, we give the main lines for
the behavior of ξpE`j ´ λ;H´, H0q as 0 ă λ ! 1, when M ą m (Theorem 6.3), the other cases
being similar. The rank of the imaginary part of T pE ` i0q being finite and constant between
two thresholds, the possible unbounded contribution comes from its real part, as E approaches a
threshold. We write it as a singular integral:
ReT pE`j ´ λ` i0`q “ p.v.
ż
R
Gjpkq˚Gjpkq
E`j ´ λjpkq ´ λ
dk, (6.15)
where Gj is the operator valued function defined by
Gjpkqf :“ 1?
2pi
ż
R
ż
R
e´ikyV px, yq1{2ujpx, kqfpx, yq dxdy, f P L2pR2q.
Using our hypothesis on the decay of the potential, we are able to isolate its most singular con-
tribution, corresponding to large frequencies Iλ :“ tk P R, λjpkq ě E`j ´ λ ` λu, where
λ P p0, λq will be chosen later (notice that in this interval, the integral written in (6.15) is no
longer a principal value): we introduce
Tjpλq :“
ż
Iλ
Gjpkq˚Gjpkq
E`j ´ λjpkq ´ λ
dk.
This operator writes as S˚S, where S “ Q1Iλ |λj ´ E`j ` λ|´1{2, and Q : L2pRq Ñ L2pR2q is
the integral operator with kernel
p2piq´1{2V px, yq1{2eikyujpx, kq.
Let Sm0 be the class of symbols defined in [103, Section 6.3.2]. Since V P Sm0 , we can deduced
as in [131] that
Q˚Q “ OpW pwjq, with wj P Sm0 , (6.16)
where OpW is the standard Weyl quantization. Moreover the symbol wj satisfies
wjpx, yq “ V pa´1pxq,´yq `R1px, yq, with R1 P Sm`10 . (6.17)
To conclude, we need to approximate the number of eigenvalues near 0 of such a pseudo-
differential operators. Using our hypotheses on V and [39, Theorem 1.3], we are able to estimate
this number by a volume in phase space, leading to Theorem 6.3.
6.2 The magnetic wire: example of an accumulation of band
functions
In this section, pr, θ, zq denotes cylindrical coordinates of R3. Here we focus on the model C
from Section 5.1, where Apr, θ, zq “ p0, 0, aprqq, in the special case aprq “ log r. Here, we
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denote by F the Fourier transform with respect to z and Φ the angular Fourier transform around
the z axis. We have the direct integral decomposition:
ΦFH0F˚Φ˚ :“
Àÿ
mě0
ż À
kPR
hmpkqdk
where the operators
hmpkq :“ ´1
r
BrrBr ` m
2
r2
` plog r ´ kq2 (6.18)
acts in L2rpR`q :“ L2pR`, rdrq. For all pm, kq P Z ˆ R the operator hmpkq has compact resol-
vent. We denote by λm,jpkq, with j ě 1, the j-th band functions, associated with a normalized
eigenvector um,jp¨, kq.
It is known ([137]) that k ÞÑ λm,jpkq is decreasing with
lim
kÑ´8λm,jpkq “ `8; limkÑ`8λm,jpkq “ 0,
therefore the spectrum ofH0 is the same as without magnetic field: σpH0q “ σp´∆q “ r0,`8q.
In [27, Section 2] we show that all the band functions tend exponentially to the ground state
energy 0 and cluster according to their energy level (see also Figures 6.1 and 6.2):
Theorem 6.6. For all pm, jq P Z ˆ N˚, there exist constants Cm,j ą 0 and k0 P R such that for
all k P pk0,`8q,
|λm,jpkq ´ p2j ´ 1qe´k ` pm2 ´ 14 ´ jpj´1q2 qe´2k| ď Cm,je´5k{2. (6.19)
To understand this theorem, as in [137], we introduce the parameter
h :“ e´k (6.20)
such that log r ´ k “ logphrq. Some transformations show that hmpkq is unitarily equivalent to
Ăhmphq “ ´h2B2ρ ` h2m2 ´ 14ρ2 ` log2 ρ (6.21)
acting on L2pR`q. The positivity of ´B2ρ ` m
2´ 1
4
ρ2
involves, with the min-max principle, that
the band functions are increasing with respect to h, and therefore decreasing with respect to
k. Moreover, as h Ñ 0 (corresponding to k Ñ `8), this operator still enters the harmonic
approximation, since the leading potential log2 ρ admits a unique non degenerate minimum, at
ρ “ 1. Therefore, the j-th eigenvalue of Ăhmphq will behave as p2j´1qh as hÑ 0. The next term
in the asymptotics is of order h2, and involves the parameter m through the Taylor expansion of
the whole potential log2 ρ` h2m2´ 14
ρ2
near ρ “ 1, see (6.19).
We want to know how the ground state energy of H0 reacts under electrical perturbation. For
slowly decreasing potentials (with respect to r), we have an infinite number of negative eigen-
values of H0 ´ V :
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Theorem 6.7. Assume V is a relatively compact perturbation of H0 such that
V px, y, zq ě r´α vKpzq, α ą 0. (6.22)
If α and vK satisfy one of the assumptions (i), (ii) below, then, H0 ´ V has an infinite number of
negative eigenvalues which accumulate to 0.
(i) α ă 1
2
and vK P L1pRq such that ż
R
vKpzqdz ą 0.
(ii) vKpzq ě Cxzy´γ with C ą 0, γ ą 0 and α ` γ2 ă 1.
This theorem could be expected since the ground state energy of H0 corresponds to an infinite
number of band functions, therefore it is enough to perturb the free operator by an electric po-
tential which “reacts” sufficiently with each band function. The proof relies of the construction
of test functions of the form
eimϕeikzum,jpr, kqfpzq, m P Z, k " 1.
Evaluation of these test-functions involves the 1d effective operator ´B2z ´ Vm,j , where
Vm,jpz, kq :“
ż
r
|um,jpr, kq|2V pr, zqrdr.
The existence of negative eigenvalues (with a suitable bound) for these operators will provide a
negative eigenvalue for H0 ´ V , for each m P Z. This is done through precise estimates of the
eigenfunctions ujpr, kq as k Ñ `8.
We also have conditions giving finiteness of the negative spectrum. These results are harder to
obtain, and sometimes are more surprising.
Theorem 6.8. Assume V is a relatively compact perturbation of H0 such that
V px, y, zq ď xpx, yqy´α vKpzq, (6.23)
with α ą 1, and vK P LppRq a non negative function with p P r1, 2s.
Then H0 ´ V has, at most, a finite number of negative eigenvalues.
Let us give some comments concerning the above results in comparison with known borderline
behavior of perturbations of the Laplacian. Due to the diamagnetic inequality, one might expect
for most cases that the density of negative eigenvalues is more important for ´∆ ´ V than for
H0 ´ V . Although it is not true in general (see Exemple 2 after Theorem 2.15 of [3]), the
above results illustrate this phenomenon. Theorem 6.7 is a case where the number of negative
eigenvalues in the presence of a magnetic field is infinite as without magnetic field. Thanks to
Theorem 6.8, we see that the borderline behavior of the perturbation determining the finiteness
of the negative spectrum of H0 ´ V is different than for ´∆´ V . In particular, we obtain:
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Corollary 6.9. Let V be a measurable function on R3 that obeys
cxpx, yqy´αxzy´γ ď V px, y, zq ď Cxpx, yqy´αxzy´γ,
with α ` γ ă 2, α ą 1 and γ ą 1
2
.
Then the operator ´∆´V has infinitely many negative eigenvalues while the negative spectrum
of H0 ´ V is finite.
Let us sketch the proof of Theorem 6.8. We introduce the Birman-Schwinger type operator T pλq,
decomposed onto the low energies tE ď νu and the high energies tE ą νu of H0:
T pλq “ Tăνpλq ` Tąνpλq, (6.24)
with
Tăνpλq :“ V 12 pH0 ` λq´11r0,νspH0qV 12 ; Tąνpλq :“ V 12 pH0 ` λq´11sν,`8rpH0qV 12 .
Here ν ą 0 is chosen sufficiently small. The Birman-Schwinger principle gives for λ ą 0,
N pλq “ n`
´
1, T pλq
¯
, (6.25)
The operator Tąνpλq is uniformly bounded with respect to λ ě 0, therefore we now have to
estimate the operator Tăνpλq corresponding to the low energies. For V axisymmetric, Tăνpλq is
unitarily equivalent to ‘mPZSmpλqSmpλq˚ with
Smpλq : L2pR, l2pN˚qq ÝÑ L2pR` ˆ R, drdzq,
defined, for pgjp.qqjě1 P L2pR, l2pN˚qq by
Smpλqpgjqpr, zq :“ V
1
2 pr, zq?
2pi
ÿ
jě1
ż
R
gjpkqe
izk1r0,νspλm,jpkqq
pλm,jpkq ` λq 12
?
rum,jpr, kqdk. (6.26)
We estimate the Hilbert-Schmidt norm of this operator: Let V be the axisymmetric potential
V pr, zq :“ xry´α vKpzq with α ą 1 and a non negative function vK P LppRq, p P r1, 2s. Then
there exist C ą 0 and ν0 ą 0 such that for all ν P p0, ν0q and λ ą 0,
@m P Z, }Smpλq˚Smpλq}2 ď Cνα´1.
The proof of this estimate relies on a precise estimate of the localization of the eigenfunctions
associated with λm,jpkq, when λm,jpkq ă ν: outside a neighborhood of ek, they decay as e´ek ,
when k gets large, see also (6.20) for a semi-classical point of view. This is coupled with a
uniform lower bound of the band functions such that λm,jpkq ă ν, dealing with their behavior as
j Ñ `8, in order to bound the sum over j P N˚ in (6.26). The proof of Theorem 6.8 can then
be concluded using Weyl’s inequality in (6.24).
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Figure 6.1: The band functions λm,jpkq for 0 ď m ď 2 and 1 ď j ď 4 and k P r´2, 6s.
2 2.5 3 3.5 4 4.5 5 5.5 6
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
0.5
k
 
 
m=0
m=1
m=2
(2n−1)exp(−k)
Figure 6.2: Zoom on the lowest energies compared with the first order asymptotics p2n´ 1qe´k.
Each cluster corresponds to an energy level n.
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